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BoJHbI-yOuiinbl B OKeaHe

Hacrosmmii cnenuanbHbIi BRITYCK XKypHaJIa «DyHIaMEHTAIBHASL U NIPUKJIAIHAS TUIPO-
du3uKa» SABISETCS MPOAODKEHUEM IMpepaymero Beimycka (1.4, No 4), HOCBSIIIEHHOTO TeMe
«BonHpI-yOuiillbl B MOPSIX M OKeaHax». Eciiu B mepBoM BbIITyCcKe ObLIM COOpaHbl SKCIIEPUMEH-
TaJIbHbIE U <«HAOJI0IaTeNIbHBIE» CTaThU, TO BO BTOPOM O0OCYXKAAI0TCS TEOpETHUECKue mnpooie-
MBI ONMHUCAaHUS (PU3NYECKUX MEXAHU3MOB IOSBJIEHUS BOJIH-YOMIAll, MX YUCIEHHOTO U Jlabopa-
TOPHOTO MOJEIMPOBAHUs, CTATUCTUYECKUX CBOMCTB. HamoMHMM uuTaTensM, 4To MOJ BOJHA-
MU-yOMIIIJaMH B HAcTOsIIEe BpPeMsl NOHMMAIOTCS HEOKUJAHHO BO3HHMKAIOLIME HAa KOPOTKOE
BpEMsl aHOMAaJIbHO OOJbIINE BOJHBI, BBICOTA KOTOPBIX MPEBBIIIAET 3HAUUTEIbHYIO BBICOTY BET-
pPOBOro BOJIHEHHU B JBa pa3a u Oosee. [loka ele He cOBCEM SICHO, SIBISIFOTCS JIM OHU YacThIO
9KCTPEMaJIbHBIX BOJIH, BCEIJla N3Y4aeMbIX B OKEAHOJIOTUH (IO MOCICIHUMH B TEOPUU OOBIYHO
MOHUMAJIUCh BOJIHBI OOJIBIION aMILIUTY/bl, B CTATUCTHUECKOM CMBICJIE OIMChIBAEMbIE TEMU K€
3aKOHOMEPHOCTSAMH, YTO M Oosiee ciadble BOJHBL), MM XK€ 3TO HOBBIH KJIACC BOJHOBBIX JIBH-
JKEHU, HE UMEIOIINI aHajora B ancambiie BeTpoBbIX BoJIH. CoOOpaHHbIE 371€Ch CTaTbU JEMOH-
CTPUPYIOT pPa3IMyYHBIE MOJIXObl K OMHCAHUIO (DEHOMEHa «BOJIHBI-YOUMIIBI», U MOJyYEHHbIE
Pe3yNbTaThl MO3BOJISIFOT CYIIECTBEHHO MPOJBUHYTHCS B MOHUMAaHUM 3THX BOJIH, UX CBOWCTB U
CTaTUCTHKH. B OOJBIIMHCTBE CiyyaeB Uil YUCIEHHOTO MOJAEIMPOBAHUS aHOMAJIBHO OOJIBIINX
BOJIH HCIOJIb3YIOTCSI CUJIbHOHEIMHEWHbIE (PU3UYECKUe MOJENN BETPOBBIX BOJH, OCHOBaHHbBIE
Ha ypaBHEHMsX Dilyiepa, 4TO MO3BOJIMIIO ONMUCATh BOJHBI OOJBIION aMIIUTY bl BIUIOTh 10 UX
obpymenns. JlaHHabpie 1a60paTOPHOTO MOJEIUPOBAHMS W HAOIIOJCHUM BOJH-YOUHI] B HATYp-
HBIX YCJIOBUM aKTHBHO MCIIOJIb3YIOTCS KaK JJIsl TECTUPOBAHUS YMCIIEHHBIX MOJEINIEH, TaK U AJIs
MHTEPIIPETAllMU PEAJbHBIX JAHHBIX, YTO a0COJIIOTHO HEOOXOIUMO JJi MOHUMAHUSI MPUPOIbI
OIMCHIBAEMBIX BOJIH.

Brinyck criennanbHbIX HOMEPOB KypHania «DyHJaMeHTallbHas U MPUKIaAHAs TUAPOPU-
3MKa» C y4yaCTHEM aBTOPOB, padoTarouux kak B Poccun, Tak u 3a pyOexoM, sSBISETCS MEPBBIM
B PYCCKOSI3bIUHOM JUTEpaType M3/1aHuEeM, CIIEUAIbHO MMOCBALICHHBIM ()EHOMEHY BOJIH-YOUMIL
B MOpSIX U OKEaHax.

E.H. Ilenunosckuii, A.B. Cnionsies
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MOJEJIMPOBAHUE BOJIH-YBUMI]
HA OCHOBE 3BOJIIOIIMOHHBIX JUPPEPEHIIUAJBHBIX BKJIIOYEHUN

PaccMarpuBaroTcs 3BONONMOHHBIE TU(GEepeHIMalbHbIe BKIIOUEHU Kak 00001eHne 1uHa-
MUYECKUX YPaBHEHHM, ONMCHIBAIOIINX MOBEPXHOCTHBIE BOJIHBI Ha Boje. [lokazaHa KOppekT-
HOCTb almpOKCHUMAIIUU UCXOJHBIX YPaBHEHHH ¢ MOMOIIBI0 (G depeHIInaIbHbIX BKIIOUCHUH.
IIpoxeMOHCTpUPOBAHO MpUMeHeHHEe MU GepeHIMaTbHIX BKIIOYCHAN B KA4eCTBE METOOB
CBCJICHHUS MCXOJHBIX YPAaBHCHHH K CHCTEMaM OOBIKHOBEHHBIX Au(depeHInanbHbIX ypaBHe-
HUM, a TaKXKe MONyYCHHBIX TUCIICPCHBIX AMHAMHYCCKUAX CHCTEM IS OOOCHOBAaHUS BBIYHC-
JUTETHHBIX 3KCIIEPUMEHTOB.

KuaroueBbie ¢jI0Ba: BONHBI-yOUHIE, Tud(QepeHInaNbHBIC BKIIOYCHHS, THHAMIYCCKUAEC CHCTEMEI.

Cratbs mOCBslllieHa MaTeMaTHYEeCKUM BOIIPOCaM MOJEIMPOBAaHUS BOJIH-YOUHI] B OKEaHe.
Kak u3BecTHO, B mociiesiHee BpeMs BOJHBI-yOUIIIBI IPUBIIEKAIOT 00JIbIIOE BHUMAHUE OKEaHO-
70roB, (hU3uKOB, MareMaTtukoB [1—7]. BomHbI-yOuiinbl, npeacTaBiss co00i OTUHOYHBIC, BHE-
3allHO BO3HUKAIOIIME BOJIHBI B OKEaHE, SIBJISIOTCS OYEHb CJIOKHBIM M HEOOBIYHBIM SIBICHUEM.
OnucaHue HEKOTOPBIX CIy4aeB, BCTPEU C BOJHAMU-YOHiIIaMu B OKeaHe MO>KHO HaiTu B pabo-
tax [8—10]. Isist aqeKBaTHOTO M3yYCHHUS TAKMX BOJH HEOOXOAMMO pa3padaThiBaTh HOBBIC METO-
JIbl UCCIIE/IOBAHNUSI TIOBEPXHOCTHBIX BOJIH Ha Bozie. OCHOBHOM MOXO/ K U3YyUEHHUIO BOJIH-YOUHI],
KOTOPBIM paccMaTpuBaeTCs B JaHHOM CTaTbe, COCTOUT B MCIOJIb30BAaHUH MOJTHBIX HEIMHEHHBIX
yYpaBHEHHMH T'UAPOAMHAMUKY UI€ATbHOM KUIKOCTH CO CBOOOAHOM nmoBepxHOCThIO. Crienuduka
HCCJIEJIOBAHUS C MOMOUIBIO 3TUX YPAaBHEHUU COCTOUT B TOM, YTO HEOOXOJUMO YMETh peniarh
HOJIHbIC HEJIMHEWHbIE YPABHEHUS B YACTHBIX NPOU3BOIHBIX Ha OOJIBLIMX BPEMEHHBIX MHTEpBa-
Jax U C OoJyblION TOUHOCTHIO. Kak M3BeCTHO, ypaBHEHUS, ONUCHIBAIOIINE HECTALIMOHAPHOE Te-
YeHUe U1eaIbHON KHUJIKOCTU CO CBOOOIHOM MOBEPXHOCTHIO, SABISIOTCA BECbMa CIOKHBIMU IS
IPOBEJCHMSI YMCIIEHHBIX pPacuye€ToOB U TEOPETHUECKOTo HccienoBaHMs. B Hacrosmiel crarbe
paccMaTpuBarOTCs ypaBHEHHs B KOHQOPMHBIX epeMeHHbIX. BriepBbie ues uX UCIOIb30BaHUS
JUTS MOJICITUPOBAHUS HECTAIIMOHAPHOTO TeYCHUs Obla U3jokeHa B padote [11], B TeopeTuue-
ckux pabotax (mamp., [12]). Ha pyoexe 1995-2005rr. 3T ypaBHEHHS CTalH IIHPOKO HCIOIb-
30Batbesi [13-16] mis mpoBeneHMs] BBIYMCIMTENBHBIX JKCIIEPUMEHTOB. BBIICHMIIACH BBHICO-
yaifimas 3¢(HeKTUBHOCTh YpaBHEHHUI B UMCIIEHHBIX pacueTax, YTO MO3BOJMIO MOJOUTH K U3Y-
YEHUIO BOJIH-YOUHIl IyTE€M YHUCIEHHOI'O DPELICHUsS YpaBHEHMH T'MJIPOAMHAMHUKU HJI€AIbHOM
KHUJKOCTU CO CBOOOTHOM MMOBEPXHOCTHIO.

B nacrosimieit pabore paccmatpuBaercs o6oOuieHre Au@epeHnanbHbIX YpaBHEHUHN B
KOH(OPMHBIX MEPEMEHHBIX Ha CIIy4yail SBOJIOIUOHHBIX TU(depeHNaTbHbIX BKIOYeHUH. Ta-
Koe 00001IeHne oka3biBaeTcsi AP(HEKTUBHBIM C TOUKU 3PEHUSI YUCIEHHBIX METO/OB, a TAKKe
UMeeT aJleKBaTHbIA (u3nmueckuil cmbici. Mcnonbp3zoBanue auddepeHnnanbHbIX BKIFOUEHHUH
BMeCTO AU(PepeHnaIbHbIX YPaBHEHUN NMPUBOAUT K TOMY, YTO BMECTO CTaHJApTHOM TUHa-
MUYECKONW CHUCTEMBI MBI IIOJIy4aeM JUCIEPCHYIO IMHAMHUYECKYIO cucTteMy. [locnennsas xapak-
TEPU3YETCS TEM, UTO MOJIOKEHHE CUCTEMBbI OMMCHIBAETCS] HE TOUKOM, 8 MHOYKECTBOM B (pa3oBOM
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MogaeaupoBanue BOJH-YOMHUL ...

npocTpaHcTBe. Takue JMHAMUYECKHUE CUCTEMbl Hadalld pacCMaTpPUBAThCS B CEPEIUHE TIPOIILIO-
ro BeKa U OKa3aJuCh BechbMa 3()(EKTUBHBIMU B Psijie TEOPETUUECKUX U MPAKTHYECKUX BOIPO-
coB. B Haiem citydae 3T0 Mo3BOJISIET YYECTh ClydaiHble (M HYXKHOM CTEIIEHU MaJOCTH) BHEIII-
HUE BO3/ECHCTBUS Ha CBOOOJIHYIO MIOBEPXHOCTh, C OJTHOW CTOPOHBI, M OLIMOKH MPU YUCICHHOM
MOJICJINPOBAHUU — C APYTOH.

B Havane crarbu paccMaTpuBarlOTCS ypaBHEHHUS B KOH(OPMHBIX NEPEMEHHBIX, ONHUCHI-
BAaIOLLME ITOBEPXHOCTHBIE BOJHBI HAa BOJE. UMCIEHHOE PELIEHUE ITUX YpaBHEHHUH I1O3BOJISIET
Ha0J10/1aTh BO3HUKHOBEHHE BOJIH-YOUMIl B BBIUMCIUTEIbHBIX dKCIIEpUMEHTax. Jlagee BBOAUT-
Csl alpoOKCUMAalMs HCXOJHBIX ypaBHEHHH IuddepeHnrnanbHbIMU BKIIOYEHUSAMH, MTOKa3aHa
KOPPEKTHOCTh Takoro oboOuienus. [lo cyru, paccmarpuBaemast anmpoxkcumanus nuddepen-
LIMAJIbHBIMU BKJIIOUEHUSIMU SIBJISIETCSI OJHUM U3 BHUJIOB PETYJISPU3ALUN HEKOPPEKTHBIX 3a1ad.
Jlanee paccmaTtpuBaeTcss OJUH U3 KOHCTPYKTUBHBIX METOAOB MOCTPOEHUS TaKOW ammpoKcuma-
II1HM, OCHOBAaHHOM Ha NMPUOJMKEHUU CHCTEMaMH OOBIKHOBEHHBIX JU(PepeHIINaIbHbIX YpaBHe-
HUH, KOTOPOE, C OJJTHOU CTOPOHBI, SIBJISIETCS] €CTECTBEHHBIM YHUCIEHHBIM METOJIOM, a C JPYroi —
HO3BOJISIET CTPOUTH TOUHBIE pelieHus TuddepeHIHaTbHbIX BKIIOUEHHH, ONMUCHIBAIONIIUE BOJI-
HBI-yOuiLbl. B KOHIIE cTaThy NpUBEEH XapaKTEpHbIN Npouiib BOJHBI-yOUNILIbI, SIBISIOIIUNACS
pemieHneM AudQepeHuanbHOro BKIOUeHUs. OOCYXKIaloTCs BO3MOMXHOCTH NPUMEHEHUS
npeiaraéMoro MeTojAa JUisl MJIAaHUPOBAaHUS BBIYMCIUTENBHBIX AKCIEPUMEHTOB, a TaKKe BO-
IPOC, CBSI3aHHBIM C YCTOWYMBOCTBIO pelIeHUH TudQepeHInaTbHbIX BKIIOUEHHH, OMHChIBAO-
IIMX BOJIHBI-YOUNIIBI.

YpaBHeHuss B KOHGOPMHBIX IEePEMEHHbIX, ONUCHIBAIOIIME BOJHbI Ha Boxe. B Ha-
cTosilie paboTe MOAETUPOBAHUE BOJIH-YOUII] OCHOBAHO HA YHCJIEHHOM PEIEHUU YPaBHEHUH,
OIKCHIBAIOLINX HECTAIIMOHAPHOE T€UEHUE U1eaIbHON HEC)KUMAEeMOH KHJIKOCTU CO CBOOOIHOM
MOBEPXHOCThIO. MBI OyZieM paccMmarpuBarh IJIOCKOE MOTEHIMAJIbHOE T€YEHHE C OECKOHEYHO
1y0OoKUM JHOM. [10 rOpH30HTaNBHOM TEpeMEHHON PAacCCMOTPUM 27 -TIEPUOANYECKUE YCIOBUS.
Takue npeAnonoKeHus ABISAI0TCA €CTECTBEHHBIMU JJIS1 MOJICTIMPOBAHUS BOJIH-YOUHILI.

bynem ucnonb3oBarh ypaBHEHHS B KOH(OPMHBIX NEpPEMEHHBbIX. PaccMOTpuM BapHaHT
9THX YpaBHEHUH, IpeaoKeHHbIi B padoTax [14-15]. [lycTs uaeanpHas )KUAKOCT 3aHHUMACT
OECKOHEUHYI0 00J1aCTh B IEPEMEHHBIX (X, Y), OrpaHUYEHHYIO KPUBOJIUHEWHOMN rpanHulieii. BBo-
MM KOMIUIEKCHYIO TIOCKOCTB Z = X + Iy. D1y obnacte moxeM (o Teopeme Prumana) KoH-
bopMHO 0TOOPA3HUTH Ha HUKHIOKO MOJTYIZIOCKOCTD C TIEPEMEHHBIMUA W = U + iV,

O6patHoe KOoH(POPMHOE OTOOpAKEHNE BBIPAYKACTCS aHATTUTUYECKON (yHKIHEH

z=2z(t, w).

Ota QyHKUUS SABISETCS TakkKe (yHKLUMEH BpeMEHH, MOCKOJIbKY Mbl pacCMaTpUBacM He-
CTalMOHAPHYIO 3a71a4y. 3Hast GpyHKIuio Z(t, U), MBI MOKEM BOCCTaHOBHTD MTPOQHUIIb CBOOOTHOM
noBepxHoCTU. [l onucaHus MOTEHIMAIBHOIO TEYCHUS HACATbHOM JKUAKOCTH HEO0OXOAUMO
TaK)K€ 3HATh MOTEHIMaN CKOpocTed. I[I0CKOIbKYy ATOT MOTEHIHa SABISETCS FapMOHMYECKOU
¢dyHKLHEH, TO BCe €ro 3Ha4eHUsI MOT'YT ObITh OMMCAaHbl 3HAYEHUEM 3TOTO NMOTEHLMAA JIUIIb Ha
rpaHuie o0NacTH U TPAaHUYHBIX YCIOoBHM Ha Oeckoneunoctw. Ilycte Y(t,Z) — 3HayeHwe mo-
TEHI[MAIa CKOPOCTei Ha cBOOOMHOM moBepxHOCTH. CooTBeTcTBeHHO uepe3 P(t,z) oGoznaumm
aHAJTIUTMYECKYI0O B 00JacTH, 3aHUMAeMOM  JKMIKOCTbIO, (DYHKIMIO  Takyl, UTO
Red (t,z)=vy(t, 2. bynem paccmarpuBath (ynkimo [1(t,w) =®d(t, z(t, W), xoTopas Taxke
OyzaeT aHaJTUTUYHON B HWKHEH MOJIYIUIOCKOCTH. Terneps BBE1eM HOBbIE ITEPEMEHHbIE!

R(t,W):ﬁ, V(tw= %

15



P.B. Hlamun

3nech U Janee MTPUXOM 00O3HAauYeHa MPOM3BOJAHAS [0 MEpPEeMEHHON W. OTH (yHKUUU
ABJIAIOTCS @HATUTUYHBIMU B HUKHEH MOJIYTUIOCKOCTH U yJIOBJIETBOPSIIOT KPAEBbIM YCIOBHSIM:

R(t, W) - 1, Imw— —,

Cornacno pa6ore [15], pynkiuun R u V' Oynem uckats B Buze psgoB Oypoe:
R(w ) =1+ g (he™,
k=1

V(V\/,t)Iiw((t)e_ikW.

@ynkiun R 1V MOJHOCTHIO OMUCHIBAIOT TUHAMUKY ITOBEPXHOCTHBIX BOJH HICATbHOMN
KUIKOCTU. [Ipy 3TOM HaM IOCTATOYHO 3HATH JIMIIb 3HAYCHHS ITHX (PYHKIIMH Ha BEIIECTBEH-
Hoti ocu (mpu V =0), mo3TOMY B AanbHEHIIEM OyIeM pacCMaTpUBaTh apryMeHT U BMECTO W.

[Tokaxem, KaKk C MOMOIIBIO 3TUX (PYHKIHMIA BOCCTAHOBUTH CBOOOJHYIO MOBEPXHOCTH H
3HaYeHHe MOTEHIMAaIa Ha cBoOoaHOW moBepxHocTH. [t dynkumn 1/R mmeer mecto mpen-

CTaBJICHUC
1 — °° —iku
= =1+ ¢ (t)e™.
R pe=}

3HadeHUS KOS(I)(I)I/II_II/IGHTOB Ck HCECJIOXKHO IMOJIYYUTh PCKYPPCHTHO U3 COOTHOIICHU A

[1+ ick (t)e‘"‘“j[l+i L (t)e“k“j =1

YMHOXEHHEM PAAOB MOKHO IMOJIYYUTDh PA3JIOKCHUC

S &F;”) - gdk(t)e""‘“.

Teneps BoccranoBuM PyHKIHIO Z(t, U) cieayromum o6pazoM:
2t U= ury S g(ye,
= K
a pynkuumro MM(u,t) mo popmyste
n(t,u) = Z_idk (Hhe™.
=1 K

CBO60I[HYIO IMMOBEPXHOCTH IMOJTYYUM KaK r€OMCTPHICCKOC MECTO TOYCK IO CICAYIOLIEMY
IpaBUILy:
F(t) ={(Re z(t,u), Im z(t,u)): I (0, Z)}.
3HaquI/Ie IIOTCHIIMAaJIa Ha CBO60,[[HOI>1 MOBCPXHOCTHU HAXOAUTCH 11O (bOpMyJIe

W(t,u)=Rell ¢,u).

@Oynkun R u V' ynoBieTBopsIOT clieayromei cucreMe ypaBHEHHIA
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R(tW=i(U(tWR(t Y- U(tYR 1Y),

V(tu)=i(UtuV(tw-B(tYy R+ ¢ Rtd-1,
O<u<2r,0<t<T, 1)
R(t,0)= R(t,2t), V(t10)= V(t21),0< < T,

R(O,u)= R(W, M0, Y= ¥(9,0< & .

3necy pynknuu U u B Beramcisrores mo popmynam
U=P(VR+VR, B= RVWY, a%( Foib.

Matematuueckasi KOppeKTHOCTh PACCMOTPEHHBIX BBIIIE YpaBHEHHUI OblIa YyCTAaHOBIICHA B
ke pabor [17-22]. B atux paboTax ObUTH YCTAHOBJICHBI CYIIECTBOBAHUE U €AMHCTBEHHOCTD
pemenuit ypaBuenuit (1), mpemoxensl 3G PpeKTUBHBIC YUCIICHHBIC METOBI U J0Ka3aHa CXOJIH-
MOCTb YHCIIEHHBIX METOJIOB.

Annpokcumanusi 1udpdepeHnnaIbLHBIMU BKIIOYeHUsIMH. YpaBHeHus (1) Obuu moiy-
YeHbl B MPEANOJIOKEHUAX, YTO AUHAMHKA MJICATBHOM JKUAKOCTH CO CBOOOIHON MOBEPXHOCTH
MPOMCXOIUT B O€3BO3IYIIIHOM MPOCTPAHCTBE. JTH TPEATIONOKEHUS HEOOXOIUMBI JIJIsl BBIBOJA
JUHAMUYECKHX ypaBHEeHUH. [Ipy 3TOM BO3HMKAIOT 1Ba 00CTOsTENLCTBA. [lepBoe — nmomyyeHHbIe
ypaBHeHus (1) HEBO3MOXKHO PEIIUTh TOYHO, BTOPOE — YCIIOBHE, YTO TUHAMHUKA TOBEPXHOCTHBIX
BOJIH IPOUCXOAMT B OE3BO3IYLIHOM IIPOCTPAHCTBE, SIBIISETCS TOBOJIBHO CUILHON abCTpakuueH,
TIOCKOJIBKY JUISL M3YYEHUS] MOPCKMX BOJIH, B YaCTHOCTH BOJIH-YOHIAIl, HEOOXOIUMO YUUTHIBATh
BHEIIIHUE BO3JEHCTBUA Ha CBOOOAHYIO MOBEPXHOCTb M CilydaiHble (DIyKTyaruu CBOOOIHOM
TIOBEPXHOCTH. BBIXOZOM M3 3TOM CUTYyalluu MOXET CTaTh UCIIOJIb30BaHHE MU GepeHITHATEHBIX
BKJIFOUCHHH.

DBOIOIMOHHBIE TU(PEepeHIINATBHBIC BKIIOUCHHS OIMCBHIBAIOT HE SIMHCTBEHHOE pellie-
HHE, a 1IeJI0¢ UX CEeMEiCTBO, Ha3pIBAEMOE HHTETPalIbHOI BOpoHKOi. B padote [23] Obutn mpea-
JIOKEHBI IMHAMHYECKHE CUCTEMBI, TIOJIOKEHUE KOTOPBIX ONUCHIBACTCS HE OHOW TOYKOW B (ha-
30BOM IPOCTPAHCTBE, a HEKOTOPOH 001acThi0 B (ha30BOM MpocTpaHcTBe. Takue cUCTeMBbl Ha-
3BIBAIOTCSI 0OOOIIEHHBIMY HJTH TUCTIEPCHBIMH THHAMHYECKUMH CHCTEMaMHU. AJIEKBaTHBIM OITH-
CaHMEM JIUCIEPCHBIX JUHAMHYECKUX CHUCTEM KaK pa3 U SIBIISIOTCS IBOJIOLHMOHHBIE TU(depeH-
nuanbHble BKItoueHus [24]. [Toctpoum anmpokcumanuio ypaBaenuii (1) nuddepenimanbHbi-
MU BKJIIOYEHUSMH, IIPH 3TOM UM UM (PU3HUYECKYIO TPAKTOBKY.

Jnist GOpMyYITUPOBKH OCHOBHBIX PE3Y/IBTATOB HEOOXOIMMO BBECTH (PYHKIIMOHAIBHBIE TTPO-
CTpaHCTBa, B KOTOPBIX OymeMm HCKaTh perieHus ypaBHeHuid. st S=0 o0Oo3HaumM yepes
Q. ={w=u+ivJC 0 < u<2m,—0 < W $ HeorpaHuueHHyIO oOmacTb. PaccMoTpuM TmpoO-

(o)
crpancTtBo E, dynkimit, ananmuruueckux B Q,, MpencTaBIeHHBIX B Buae f = z fke_"‘W C HOp-
k=0

00
moi || f IIES = Z:|fk F . MHoXecTBO, KOTOpOe GyleT ONUCHIBATh PELICHHUs, 0603HAYMM Yepes
k=0

M. OnpeiestiM 3T0 MHOXKECTBO CIIEAYIOIIMM 00pa3oMm:
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A(t’ u) = i ak(t) e—iku,
max Ja, ¢)& Ce™,

t0,T]

a, JC?[0,T].

B npakTnueckux BBIUMCIEHUSIX 3TO YCIOBHE O3HAYaeT SKCIOHEHIMAIbHOE YObIBaHUE 110
MOAYIIO KO3(D(PULUEHTOB @, , YTO SBJISIETCS HEOOXOAUMBIM yCIOBHEM Ui 3()(HEKTUBHOIO IIPO-
BEJICHUSI paCu€TOB.

3amaya B TepMHHAX IU(PPEpeHIIMATBLHOIO BKIIOYEHUS MOXKET OBbITh copMynupoBaHa
cnenyromuM obpazom. s 3ananueix € 20 u S>0 HaliTh

0<T,<T, RVOM, 8.5,0L(O,T; E)

186 I o erSe 18y I or.e)<e
YAOBJICTBOPAIOIINEC YPABHCHUAM

R(ub=i(UR - U,R+5.(u},
Vi(u =iV, - B,R+  R1+5,(uk

OTta 3a7a4a mpeicTaBiIsIeT co0oi 3a/1auy HaAXOKICHHUS CEJICKTOpa IS CIEMyoei cucre-
Mbl U depeHInanbHbIX BKIOUEHHH:

R(u9DB((UR-UR),

Vi(u OB (LY, - BR+ d R-1). )

CenexropoM st cucTeMbl Tu(GepeHINaTbHBIX BKIIOUSHIH Ha3bIBaeTCs mapa GyHKIUH
13 MHO)KecTBa M, ynosieTBopsitomias (2).

3nech uepe3 B, (-) o6o3HaueH 3aMKHYTHIH wap paguyca € B npocrpanctse L,(0,T, ;E,).

PaccmoTpum Bompoc o paspemmmoctu 3agaun (2). [Ipu € =0 3amaua (2) coBmagaer ¢ 3a-
naueit (1). [Ipu u3ydenun Bormpoca o paspemumocTs 3aaa4 (1) u (2) Mbl cTamKuBaeMcs ¢ Xa-
paKkTepHO# MPOOIEMOil B TCOPUH BOJIH Ha BOJE, COCTOSINCH B TOM, YTO PEUICHUsI, BOOOIIIE ro-
BODSI, CYLIECTBYIOT JIMIIIb HA KOHEYHOM BPEMEHHOM HHTepBaie. [Ipuuem paspyiieHue pereHus
MOJKET BO3HUKHYTH KaK BCJCICTBHE HAPYIICHHs TIAIKOCTH CBOOOTHOM MMOBEPXHOCTH, TaK M B
pe3ynbrare BO3HHKHOBEHHsI CaMoIepeceueHus: mpoduis cBOOOAHOW moBepxHocTH. IlepBas
BO3MOYKHOCTbB pa3pyllIeHHsI pemieHus it ypaBaenuit (1) Obiia uccienosana B padore [19], ma-
TEeMaTHYECKHE METOJIbI, TIO3BOJISIOIINE OI[CHUBATh BpeMsi 00pa30BaHMsl CaMOIePEeCeUeHuUs Obl-
JIM TIpe/ITIOKeHbI B padbote [20—21].

Beenem Benmmunny LT (g) (lifetime —Bpems »xu3HH, aHIUL.) IO ClIEAYOLICH hopMyIie:

LT (e) =sup{T. }.

CormacHO c/IeJIaHHBIM BbIlIe 3aMedanusiM, uepe3 LT(0) o6o3HauaeTcst BpeMs CymecTBO-
BaHus perenus 3ama4un (1). Uro6sr 060cHOBaTH MeTO anmnpokcumanuu 3ama4un (1) nuddepen-
[IUAJIHBIMU BKJIFOUCHHUSIMH, HEOOXOJMMO YCTAaHOBHUTH cieayromiie (GakTel: 1) cyrecTBoBaHMe
pelleHus] y anmpoKCUMHUPYEMOH 3afaud, 2) pa3peliuMOCTh ammpoOKCUMHUPYIOIIEH 3a1aud U
3) CXOIMUMOCTh pEIICHHI anMmpPOKCUMHUPYIOIICH K PEIIeHUI0 MCXOAHOHM 3amaun. Cremyrolmas
TeOpeMa YCTaHABIMBAET KOPPEKTHOCTh, T. €. Pa3pelIuMOCTh MPUOIMKAeMbIX 3a7a4 U CXOIU-
MOCTh TPHOIMKEHUH K WCXOAHOW 3ajaadve, armmpoKcuManuu auddepeHnabHBIME BKITIOYC-
HUSIMH.
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MogaeaupoBanue BOJH-YOMHUL ...

Teopema 1. B ycnosusix 3anau (1) u (2) umeer mecro:
1. LT(0)> 0, uto o3Ha4aeT cyuiecTBoBaHue peieHus 3a1a4n (1) Ha JOCTaTOYHO MaoM

BPEMEHHOM HMHTEPBAJIE.
2. LT(¢) >0 ans moboro € >0, 4To 03HAYaeT CYIIECTBOBAHUE CEIICKTOpA JJIS 3a/a4M
(2).

3. Iirrg LT(e) = LT(0), uro o3Ha4aeT: BpeMsl CyIIECCTBOBAaHUS pelIcHHUN 3amauu (2) cxo-

JUTCS K BDEMEHH JKU3HU UCXOIHOM 3a1a4H.
4. Iycts (R, V®) ectb pemenue 3amaun (2) Ha [O,LT(€)], a (R, V) coorBeTcTBEeHHO —
pemenue 3agaun (1) Ha [0, LT (0)]; Torna mmeer MecTo BhIpaKeHHE

IR-R I ourney = 0 &0
IV =V I, 0, &-0.

CHO.LTENE)
JloKa3aTenbCTBO ITOH TEOPEMbI B Pa3IMUYHBIX BAPUAHTAX MOXKHO HAWTH B MareMaruye-
ckux paborax [17, 21].

Oynkiyu 8, U J, ABIAIOTCS HeBsA3kamu B ypaBHeHuH (1). MoxHO nath GuU3HYECcKyIO
UHTEPIPETAlUI0 3TUM (QyHKUUAM. JleHCTBUTENbHO, (YHKLIMSA O, COOTBETCTBYET IJIOTHOCTU
BHEIIHEN CUJIbI, JEHCTBYIOLIEH HAa CBOOOIHYIO NOBEPXHOCTb. C MOMOLIbIO (PYHKLUHU O, MOKHO

paccMarpuBarh GIIYKTyallud CBOOOIHOM MOBEPXHOCTH.

Hcnonp3oBanue 3ana4yn (2) BMecTo ucxoaHou 3aaaun (1) uMeeT psiji MpeuMyIiecTB Kak ¢
TOYKH 3peHUs PU3NUECKON MOCTAaHOBKH, TaK M MaTeMaTHYECKOro MoJieIupoBaHus. [leno B ToMm,
4TO, XOTS MCXOHas cucTeMa ypaBHeHui (1) mpeacraBisier coO0H HETMHEHHYIO CUCTEMY WH-
Terpo-auddepeHnanbHbIX YPaBHEHUH B YaCTHBIX MPOU3BOJIHBIX, U HAXOXKIECHUS PEIICHUN
3a7a4u (2) MOXKHO UCIIONIb30BaTh OOBIKHOBEHHBIC U epeHIINATbHbIC YPABHCHUSI.

Annpoxcumanusi 00bIKHOBEHHBIMH JH(depeHnnanbHbIME ypaBHeHusavu. Cornac-
HO pe3yJbTaTaM, OJYUYEHHBIM B IPEJBIIYILEM pa3jieie JUisl HaX0XKACHUS CeJIeKTOpa B 3ajaue
(2), HeoOxonuMO HaiTh MpHOIKEHHOE (B CMBICIIC HEBS3KH) penieHue 3anauun (1). Ito pere-
HUE MOXXHO IOJYYHUTh C IOMOIIBIO METOJAa MpPSIMbBIX, 3aKJIIOYAIOLIEToCs B anlpOKCHUMALUU
YPaBHEHHUH 110 IPOCTPAHCTBEHHBIM MIEPEMEHHBIM, YTO NPUBOAMT K 3ajade Komm i cucremsl
OOBIKHOBEHHBIX AU depeHnnanbHbIX ypaBHeHHH. Takum oOpa3om, 3BONIOLUMOHHBIE AUPde-
peHLMaNbHbIE YPaBHEHUS B aOCTPAKTHBIX MPOCTPAHCTBAX MPUOIMKAIOTCS CUCTEMaMHU OOBIK-
HOBEHHBIX JH(depeHnalbHbIX YpaBHEHUNH. DTOT METO U €ro MPUMEHEHHE JeTalIbHO Mpe-
craBieHsl B padorax [20]. Onumem npuMeHeH#e 3Toro Merona uis 3aaaun (1).

YuuteiBas, uro cucrema (1) siBisieTcss cucteMoit nHTerpo-auddepeHIMaibHbIX ypaBHe-
HUi, OylieM UCHOJIb30BaTh MPECTaBIeHNEe HEU3BECTHRIX (PYHKIMI ¢ moMoLIbI0 psioB Dyphbe.
ITycte N 21 — hukcupoBaHHOE YHMCIO pa3MEPHOCTU MPUOIHKEHHOM 3aaaun. [IpubamkeHHbIe
peieHus 0yaemM UCKaTh B BUJE

RN (t, u) = 1+ZN: F(N (t)e—iku' VN(t, U) — i \4\1 (t) e—iku.

Hcnonn3oBanme MNpEACTAaBJICHUA B BUAC KOHCYHBIX CYMM CDpre HMECT CYHICCTBCHHEBIC
npeumMynieCTBa Npu BIMUCICHUHN OIICpaTopa P. HCP’ICTBI/ITCHLHO, IIyCTb

h=> he™;
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N
toraa umeem P[H = M, > he'
2 i
TTOCKOIIBKY Onepalusi yMHOKeHHUs. QYHKLMIA He SIBISICTCS 3aMKHYTOM B Kiiacce QyHKLHMIA,
IIPEICTABUMBIX B BUJIE KOHEYHBIX cyMM Dypbe, BBeeM OMHApHYIO orepauuio [J, KoTopast sB-
JISIeTCS 3aMKHYTO# [Tl MHOXKeCTBa Takux (GyHkuuit. [Tycts

N . N .
A= Z a( e—|ku’ B= Z élku.
k=-N k=—N
Torma niist C = AB umeem
2N .
C — Z Ck e—lku .
k=—2N

Omneparnuto [ BBeaeM CIEAYIOMNUM 00pa3oMm:

AOB = ZN: e,

K=—N
rae ¢, —ko3ddunuentsr Pypre Gynkuuu C.

N o
[pubmmxennsie pemenns R u V" Gymem nckaTh kak pelneHus craepylomeil CHCTEMBI
YPaBHEHUM:

R'=i(UNOR'-UMORY),
(3)
VM =i(uNDyv, - BYORY)+ of R'-1),
rie UM =P(V'OR'+V'OR'), B= § V'OV).
[TonydenHas cucreMa sIBJISIETCS CUCTEMOM OOBIKHOBEHHBIX TU((epeHINATbHBIX YpaBHE-
HUI oTHOCUTENBHO Kod(pduimenToB Oypre pynkmuii R u V . Dra cucrema yxe MOXeT ObITh
pellIeHa YUCICHHO ¢ IOMOIIBIO CTaHaapTHoro merosa Pynre—Kyrra 4-ro nopsaxa.
PaccMoTpuM emie ofMH METO], MO3BOJISIIOIIMI CTPOUTh TOYHBIC pelicHUs 3aaadn (2).
JlonycTuM, 4YTO € MOMOIIBKO HEKOTOPOrO YHCIEHHOIO MeEToJa, Hanmpumep Mmertona Pymn-

re—Kytra, u nocneayromeil TMHEHHON MHTEPHOISALUEH 0 BPEMEHH Mbl HMOJYYMIH MPUOIH-
KEHHOE pelieHne ypaBHeHus (3), KOTOpOe MOKET ObITh MPEICTABICHO B BUIC

R(u t) = z r(he™, Viut) = z v (e,

Torna, coracHO OOIIKMM TeOpeMaM B TEOPUH OOBIKHOBEHHBIX U depeHInanibHbIX ypaB-
HeHud s oboro € >0, MOXKHO BBIOpaTh Takoe OoJbioe yucio N U 10CTaTOYHO Mablid
IIar no BPEMEHH, YTO 3TH QYHKIMU OYIYyT YAOBIETBOPATH cucTeMe (2) mpu Takux (QyHKIUAX
0 U 0, , UTO OYJET BBIIOIHEHO YCIOBHE

18 l_or.)s& 118y Il o q:5)=e

[Tpu 3TOM MOXHO 3aMETUTh, YTO MOCKOJIBKY IpaBbie yacTu ypaBHeHui (1) He comeprxar
olepaluu AeiaeHus, T0 PyHKIHU O, U O, MOT'YT OBITh NIPEJICTABICHBI B KOHEYHOM BHJIE!

3N ‘ 3N '
Be(U,t) =5, (DE™, 8, (U ) =Y 5, (he™.
k=0 k=0
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Takum 00pa3oM, MbI MOXKEM TTOCTPOUTH PelIcHHE 3a1a4n (2) B KOHEUHOM BHAe. MOXHO
MOKa3aTh, YTO ISl 3TOTO HAM HEOOXOIMMO MPOU3BECTU JUIIb KOHEUHOE YUCITIO apudMeTHye-
CKHUX omnepanuid. B 3ToOM CMbICIE MOKHO MOJYYUTh PE3YNIbTAT, TOBOPSIIUKA O TOM, YTO 3aJa4a
(2) uMeeT KOHCTPYKTUBHOE PEIICHUE B CMBICIIC KOHCTPYKTHBHON MareMaruku. J{jisi mpakTuKu
9TO O03HAYACT, YTO HAWJCHHOE YHCICHHOE pelieHue 3a1a4n (3), OMUChIBAIOIIEe BOIHY-YOUIILY,
Ha CaMOM JIeJie SBJISCTCS TOYHBIM pelIeHHeM 3a1a4u (2), rie noiydeHHble QYHKIUHN Oy H J,

UMEIOT (PU3NYECKYI0 UHTepIpeTalnio. To eCTh MOXKHO yTBEpKIIaTh CIEAYIOIIEe. €Clu J0Mmyc-
TUTH CKOJIb YTOIHO MaJio€ BHEIIIHEE BO3ACHCTBHE HAa CBOOOAHYIO MMOBEPXHOCTh U Majibie (IyK-
Tyalldu TOW MOBEPXHOCTH, TO BOJIHA-YOUMIiI]a BOSHUKAET M MBI MOJy4aeM €€ OINKCaHue B KO-
HEYHOM BHJIC. DTO TOATBEPKIACTCS MPAKTUKON BHIYMCIUTEIBHBIX SKCTICPUMEHTOB.

O 4ucjJeHHOM MOIEJMPOBAHMHU BOJH-YOMiil. OCHOBHON LIEJIbI0 U3YyYEHUS JUHAMHUYE-
CKHMX CHCTEM, OIIMCHIBAIOLIUX [TOBEPXHOCTHBIE BOJIHBI B OKEAHE, SIBISAETCSA IIPOBEICHNUE BBIUNC-
JUTEIbHBIX 3KCIIEPUMEHTOB JUIs MOJYYEHUs PA3JIMYHbIX XapaKTEpPUCTHK BOJIH-yOuiil. B pabo-
te [5] onucaHbl BEIYUCIUTEIBHBIC SKCICPUMEHTBI, HA OCHOBE KOTOPBIX ObUIN MOJTYYEHBI OLICH-
KA BEPOATHOCTH BO3HMKHOBEHHS BOJIH-YOMHI[ B 3aBUCHUMOCTH OT IapaMeTpPOB HAyaJbHOTO
BOJIHEHMsI. B 3T0i1 pabote uncienno pemanuck ypaBuenus (1). [Ipu 3Trom npumMeHsuiach npo-
Hexypa CBEIEHUS K cucTeMe OOBIKHOBEHHBIX AU(D(epeHLuaNnbHbIX YpaBHEHHH, ONMCAaHHAS B
npeaplymeM pasaene. Takum o0Opa3oM, MOXKHO CUMTaTh, UTO MO CYTH B 3TOM paboTe HaXoiu-
JHCh CeNEKTOpbI s auddepeHnranbHoro BKIoueHus (2). YUuTeiBas, 4TO TOYHOCTH IOJY-
YaeMbIX UYHCJICHHBIX pPEHIeHUH Oblla BeCbMa BBICOKOM, MOXKHO YTBEPXKJaTh. 3TH CEJIEKTOPHI
yAOBIETBOPSUIH JU(depeHIINaIbHBIM BKIOUEHUSM IIPU JOCTATOYHO MAJIOM € .

IIpuBeneM xapakTepHbI MPOQPUIL BOIHBI-YOUHIIBI, KOTOPBIM MOTy4YaeTcs MpU pPeLIeHUN
nuddepeHIraIbHbIX BKIIIOUCHUH (CM. PUCYHOK).

V.M
0.02

0.015

(.01

0.005

~(1.005

—(0.01 ' '
0 1 2 3 4

6
XM

Ln

XapakTepHbIi TPO(UITb BOTHBI-YOUHIIBI,
MOJTyYEHHBIN B X0/1€ BEIUNCIUTEIHHOTO SKCIIEPUMEHTA.

ABTopom coBmecTHO ¢ AHHON CMmupHOBO# (Poccuiickuii yHUBEpCHTET IPYKOBI HAPOIOB)
TaKke MPOBOAMINCH YUCIECHHBIE OMBITHI [0 UCCIEIOBAaHUIO BIUSHUA QyHKUUH O, U J, Ha
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(akT BOZHUKHOBEHUS BOJIH-YOMilll. B pe3yinbrare MHOrOUMCIIEHHBIX BBIYMCIUTEIBHBIX JKCIIE-
PUMEHTOB OBbUIO YCTAHOBJEHO, YTO IMPH pa3yMHBIX BeauuuHax € >0 (axT BO3HUKHOBEHUS
BOJIHBI-YOUHIIBI, @ TAaK)Ke BpeMsl €€ BOSHUKHOBEHHs U JAPYrHe KaueCTBEHHbIE XapaKTEPUCTHKH
ABJISIIOTCS MHBAapPUAHTHBIMU K HAJIWYUIO BO3MYIIAIOMIMX (YHKUIMHA. DTO MOKA3bIBAET, YTO HC-
H0JIb30BaHUE JAUHAMHUYECKUX CHCTEM Ha OCHOBE 3BOJIIOLMOHHBIX AU(pdepeHnanbHbIX BKIIO-
YEHUI 0Ka3bIBAETCS a/IeKBaTHBIM JUJIsl YUCIIEHHOT'O UCCIIEI0BaHUS BOJTH-YOUMII.

*kk

Ha coBpemenHoM 3Tamne uccienoBaHUe BOJIH-YOMHI] BO MHOTOM CB3aHO C YHMCJIEHHBIM
MOZIETUPOBAHUEM YpPaBHEHHH, OMUCHIBAIOIIMX TEUEHHE HACATHLHON JKUAKOCTH CO CBOOOIHOM
MOBEPXHOCThIO. CriennuKOil ABISETCA TO OOCTOSITEIILCTBO, YTO HEOOXOAUMO TPOBOAUTH BHI-
YHUCIUTEIbHbBIE SKCIEPUMEHTHI Ha OOJIBIINX BPEMEHHBIX MHTEpBajax U ¢ 0OJIbIION TOYHOCTBIO.
B Hacrosell crarbe paccCMOTpEHbl MaTeMaTUYeCKUe METO/bI, TO3BOJISIONIME JaTh 000CHOBa-
HUE BBIUMCIIUTEIbHBIM SKCIIEPUMEHTAM. JTU METO/IbI OCHOBAHBI Ha alllIPOKCUMAIIMM UCXOIHBIX
YpaBHEHU 3BOJIIOLMOHHBIMU AP PepeHInaTbHbIMU BKIIOUEHUSIMH.

Hcnonb3oBanue aud@epeHnnanbHbX BKIOUEHUH MO3BOJISET MaTeMaTHYECKU CTPOro
YUUTHIBATh OMIMOKM allpOKCUMAIMN HEJTMHEHHBIX YPABHEHUM B YAaCTHBIX MPOU3BOJHBIX CHC-
T€MaMU OOBIKHOBEHHBIX JU(QepeHINaIbHbIX YPAaBHEHUH, a TaKKe OMIMOKM YHCICHHOTO pe-
HIeHust 3TUX ypaBHeHHU. C Apyroil CTOpOHBI, HCIONb30BAHUE JUCIEPCHBIX JUHAMHYECKHX
CHCTEM SIBJIIETCSI MATEMAaTUYECKUM BhIpaK€HHEM TOTO (hakTa, YTO Ha CBOOOHYIO IOBEPXHOCTh
JIEHCTBYET CIy4allHOE BHEIIHEE BO3MYIIECHUE.

Aemop 6nacodapum axademuxa B.E. 3axaposa 3a nocmanoexy 3adaqu u nOCMosHHoe HUMAanue Kk pabome.

Paboma evinonnena npu gunancosoti noodepoicke epanma HII-7550.2006.2u IIpoepammori gyrnoamen-
manvHulx ucciedosanuti [lpesuduyma PAH «Mamemamuyeckue memoovl 6 HeIUHEUHOU OUHAMUKEY, a MaKdice npu
noooepoicke epawma Ilpasumenvcmea P® 0na 2ocyoapcmeeHHOU nOOOePHCKU HAYUHBIX UCCIe008aHULL, NPOBOOU-
MBIX OO DYKOBOOCMBOM 8EOVUWUX VUEHbIX 8 POCCULICKUX 00PA308AMENbHBIX YUPEHCOCHUSX 8blCUe20 npogeccuo-
HanbHo2o obpazosarnus (doeosop Ne 11.G34.31.003bm 25noa6pa 2010z, mexcoy Munobprayku Poccuu, HI'Y u
BEOVUUM YUEHBIM).
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