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OBOBLIEHHOE YPABHEHUE KOPTEBEI'A—/IE BPU3A
JIJIA BHYTPEHHHUX BOJIH B JIBYXCJIOWHOM KUJIKOCTH

[IpencraBnen BbIBOA 00oOmIeHHOTO ypaBHeHus KopreBera—jue Bpusa mnsitoro mopsinika Juisi BHYT-
PEHHUX BOJIH B JIBYXCJOHHOH JKHAKOCTH C y4ETOM HOBEPXHOCTHOTO HATSHKEHHS MEXAY CIOSIMH.
[Ipu BBIBOZE ypaBHEHHS NMOTEHUWAJIBHOCTH IBIDKCHHH JXHIKOCTH HE INPEAINOJaraercs, IMOITOMY
JaHHBIA BBIBOJ MOXET OBITh HCIIOIb30BaH IPH PACCMOTPEHUH BOJIHOBBIX JABW)KCHUH B BS3KOW XKUA-
KOCTH, B XHIKOCTH C BHCIIHAM BpAICHUEM WIH IPU HAJHYUU CIBHTOBBIX MOTOKOB C 3aBHXPEHHO-
cTb10. [lomy4eHsl SBHbIE BEIpaXEHHS U1 KOI(G(QUIMEHTOB YpaBHEHHUS B 3aBUCUMOCTH OT HapameT-
POB Cpeabl: TOJILMH CJIOEB, INIOTHOCTEH XuAKocTeH, KOI(pPUIMEHTa TOBEPXHOCTHOTO HATSKCHUS.
[TokazaHo, 4TO TPU OINpEIETICHHBIX COYETaHHIX MapaMeTPOB CPelbl B MOIYYESHHOM OOOOIIEHHOM
ypaBHEHHH KakK KOA((GHUINEHT KBaJIpaTUYHOW HEJIMHEHHOCTH, TaK ¥ KOA(G(PHULIUEHT JUCIEPCUN HU3-
LIEro MopsiAKa MOTYT 0OpaliaThcs B HOJb U MEHATH 3HaK. OcoOblil MHTEepeC MPENCTaBIsIeT CUTYa-
LS, TIPY KOTOPOH OHM 00a OJJHOBPEMEHHO CTAHOBSITCS MTOYTH HYJIEBBIMH, a KOI((PHUIUCHTH HENN-
HEHHOW TUCTIEPCHH TaK)Ke OKa3bIBAIOTCS NMPEHEOPE)KNMO MAJIBIMH — 3TO BO3MOXKHO KOTJA TOJIIIN-
HBI CJIOEB IIPUMEPHO OJIMHAKOBBI. B OKpECTHOCTH TakoW JBOHHOM KPUTHYECKOW TOYKH BBIBEICHHOE
YpaBHEHHE CBOJUTCS K TaK Ha3pIBaeMoMy ypaBHeHHMI0 ['apiHepa—LKaBaxapsl, o0nanatomemMy coim-
TOHHBIMH PEHICHUSMH C OCHWIIMPYIOIIMMH acCHMIITOTHKaMH. DTO JIENaeT ero HpHUBIICKATEIbHBIM
KaK C TEOPETUUECKON TOYKH 3PEHHMs, TaK M B TUIAHE NMPAKTUYECKUX MPWIOKEHUH K 3aJa4aM O Tede-
HUH TOHKHUX IUICHOK HECMENIMBAFOLIMXCS KUAKOCTEH. XapaKTepUCTHKU TCUSHUs PH HAJIWYUH CO-
JIMTOHOB CHJIBHO OTIMYAIOTCS OT JIAMHHAPHOTO TEUECHUSI, YTO MOXKET MPUBOJIUTE K HEXKEJIATEIBbHbIM,
a WHOTAAa ¥, HA00O0pOT, K MONOXKUTENbHBIM 3¢ ¢ekram. Ommpasich Ha BBIBEJCHHOE 000OIIEHHOE
YpaBHEHHUE U 3Hasi €T0 PEIICHHUS, MOYKHO MPEIOKHUTH CIIOCO0 YIPABIICHUS TEUCHHEM.

KaroueBbie ciioBa: ,HByXCJ'IOﬁHaS[ JKUIAKOCTh, MMKHOKJIMH, BHYTPECHHUC BOJIHbI, HCIIOTCHUHUAJIbHBIC TCUCHHN,
MOBCPXHOCTHOC HATAKCHHUC, YPABHCHHUC KopTeBera—z[e BpI/I3a.

XOopoIIo W3BECTHO, YTO JJIS ONMUCAHUS JIMHHBIX HETMHEHHBIX BHYTpeHHUX BOJH (BB)
HIMPOKO HCIoNb3yeTcss ypaBHeHue Koprtesera—iue Bpuza (KaB) [1] u ero pasnooOpa3sHbie
00001IeHMS, COEPIKaIe CllaraeMble, OTBETCTBEHHBIE 3a JTIMCCUIIAIINIO, HEOJHOPOIHOCTh Cpe-
JIbl, CJIBUTOBBIC TCUCHHSI, BpAIIEHUE JKUKOCTH KaK 11eJI0oro U T. 1. [2—12]. OmHako BO MHOTHX
CIy4dasx BBIBOJI OCHOBHOTO MOJIEJIEHOTO YPAaBHEHHS MPOBOJMTCS HE BIIOJIHE KOPPEKTHO, T. K.
BHauaJje MperoiaraeTcs, 4YTo ABUKEHUS KUIKOCTH MOTEHIUAIbHBI, & TOTOM K BBIBEICHHOMY
OoJee WM MEHee ToCleIoBaTeNbHO ypaBHeHNI0 KnB momuckiBaroTCs CyIiecTBEHHO HEMOTEH-
[[MABHBIE ClIaraeMble, OMUCHIBAIOIINE MIEPEUNCIICHHbIe BhIlIe 3P ¢ekThl. CaM BBIBOJ OCHOBHO-
r'0 ypaBHEHUS HEPEAKO MPEICTABIICH B UPE3MEPHO YCIOKHEHHOU (hopme.

Hawm npepncrapnsieTcs nienecooOpa3HbIM MPEUIOKHUT 371eCh OTHOCUTEIBLHO MPOCTON U TO-
cJeI0BaTeNbHBIN BBIBO 00001eHHOr0 ypaBHeHuss KnB naroro mopsaka nis BB B nByxcioii-
HOM KUJKOCTH C yYE€TOM MOBEPXHOCTHOT'O HATSKEHHS MEXAY CIOSIMU (KUIKOCTH MOTYT INpHU
3TOM, BOOOIIIE TOBOPSI, OBITh HE CMEIIMBAIOIUMUCs. Hair BEIBO HE CBSI3aH C MPEOIOKECHUEM
0 TOTEHIIMAIBHOCTHU JIBHXKCHHUH B )KUJKOCTAX, TO3TOMY OH B PaBHOW CTETIEHHU MPHIIOKUM KakK K
MOTEHITMAIBHBIM JIBIDKCHHUSM, TaK M K HEMOTEHIIMAIBHBIM. B mociennem cimydae 6e3 oco0oro
TpyAa B PaCCMOTPEHUE MOTYT OBITh BKJIIOUEHBI Takue 3(P(PEKThl, KaK BA3KOCTb, HEOIHOPOJ-
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O0600mennoe ypasuenne Kopresera—ne Bpusa ...

HOCTb (BKJIIOYasi BEPTUKAJIbHBIA CABUT CKOPOCTH OCHOBHOI'O TE€UEHUS), BpAllleHHUE >KUJIKOCTH
KaK 1eJIoT0 U T. M. 3(pdexTsl. OTMETUM, 4TO MOCIEA0BATEIbHBINA BBIBOA ypaBHeHUs KnB mms
noBepxHOCTHBIX BOJIH (IIB) ¢ yuerom Bsizkoctu ObL1 BhITIONIHEH B padote [10], a nus BB Bo
Bpall[aroIIeMcs IJIaBHO CTpaTU(PUIMPOBAaHHOM OKeaHe — B pabore [2].

BriBesieHHOE HAMH ypaBHEHUE aHATU3UPYETCS C LENbIO BBIABICHUS OTACIBHBIX YACTHBIX
CIIy4yaeB, MPEICTABIISIONIMX HHTEPEC KaK C TOYKH 3PEHHS M3YyUYECHHUS] HUX MaTeMaTHYECKOMH
CTPYKTYpPbI 1 OCOOCHHOCTEH MX pEllIeHui, TaK U ¢ MPUKIAJIHON TOUKHU 3peHusi. OTMETUM, YTO B
YIOMSIHYTBIX YACTHBIX CIydasX BBIBEJICHHOC YPAaBHEHUE MOXET OBITh MPUMEHHUMO JIJIsl ONHCa-
Hust BB B okeane, a Taxke 1iig onvcanus BB B TOHKHX CII0SIX HECMENIUBAKOIIUXCS KUIKOCTEH,
HanpUMep, Ha TPaHUIE KEPOCUH—BO/Ia, HEDTh—BO/Aa WIH JPYTHUX KOMOMHALIUN KUIKOCTEH.

BeiBog  00001IEHHOrO  ypaBHeHUs z
KopreBera—pae Bpuza jais1  ABYXCJI0iHOM
sKuakocTu. PaccMoTpuM  pacmpocTtpaHeHue 0
BB Ha rpanune pasnena Cio€B B JIBYXCIIOW- X
HO# kuaKocTH (pHc. 1), OrpaHUYEHHON pPOB- nx,t) P b
HBIM IJIOCKMM JHOM U IOBEPXHOCTBIO, Ha KO- = e ——=
TOPYIO HAJIOKEHO YCJIIOBHE TBEPJON KPBILIKH. g P b
Kak wu3BectHo [13], 3TO ycioBue MO3BOJISET ' !
orunbTpoBath [IB M BbIIENUTH HHTEpECYIO-
ne Hac BB B «umcrtom Buzae». Tonmuny
HIDKHETO CJIost 0003HaYnM 4epes Ny, a BepxHe- Puc. 1. CxemaTnueckoe u300pakeHHe BOJIH
ro — 4epes h,. TIIOTHOCTE W [JaBJICHUE KU- B JIBYXCIOMHOM KUIKOCTH.

KOCTH B HIDKHEM CJIO€ IIPUMEM PaBHBIMU P1 U
P1, COOTBETCTBEHHO, a B BepxHeM — P2 (< p1) u P2. BBenem crienyromme 0003HauYeHHs: X —
TOpU3OHTAJIbHAsE KOOP/AWHATA, Z — BEpTHKaJbHAs KoopauHaTa, t — Bpems; n(X, t) — oTkioHe-
HUE TPAHULBI pa3fiesia CIOEB OT FOPU30HTAIBHOIO MOJIOXKEHUS, §J — YCKOpEHHE CBOOOJHOTO
nasieHusi, Ui, — TOpU30HTaIbHbIE KOMIIOHEHTHl BO3MYIIEHUS CKOPOCTH, a W12 — BEPTHUKab-
HbI€ KOMIIOHEHTBHI BO3MYILEHHUSI CKOPOCTH, IIPU ATOM MHAEKCHI | U 2 OTHOCATCSA K HUKHEMY U
BEPXHEMY CJIOSIM, COOTBETCTBEHHO.
BoinuieM cuctemMy ypaBHEHUS THIPOJIUHAMUKY JJIs1 KaXKIA0TO U3 CIOEB:

%_F%:Onpﬂ—hl<z<n, (1)
oX 0z
%4_6\,\/2:0 anT]<Z<h2, (2)
oX oz
ou, ou, ou, | op,
iyt w2t [+ 22=0 -h<z<n, 3
1(& P 1azj ox npu —hy n (3)
ou ou ou 0
Pz( at2+u2 aXzJFWZ azszr%:o mpu n<z<h,, (4)
ow, ow,  ow j op,
FU LWL+ g |+2L=0 ~h<z<n, 5
Pl( ot 1 ox (P g pe HpHu hl n (5)
OW. OW. OW. 0
pz[ateruz 2 4w, azz+gj+%=0npnn<z<h2. (6)

YureM I'paHUYHBIC YCJIOBUA HAa I'PAaHUIC pa3i€iia MEKAY CIOAMU:
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Tunuamyanun A. P. u gp.

L FTRLCL B

ot OX

on . on

—+Uu,—=W,, Z=n(x1), 7

8’[+ 25y 2 n(x,t) (7)
-3/2

P, — Py = 0Ny, |:1+(nx)2:| >

rjne 6 — K03 (GUIUEHT MOBEPXHOCTHOTO HATSKEHUS MEXKAY CIOSIMH JKUAKOCTH C Pa3IMUHBIMU
(bU3HYECKUMU CBOMCTBAMU. 3/1eCh TUHAMHUYECKOE yCIIOBUE (TpeThe ypaBHeHHE B (7)) 3ammcaHo
B TIOJTHO-HENMMHEWHOM Buze. OHAKO NaibHEHIINE BBIKJIAJAKH IMOKA3bIBAIOT, YTO C MPHUHATON B
JTAaHHOM paboTe TOYHOCTBIO ITPH BBIBOJIE OKOHYATEIBHOTO YpaBHEHUs (44) 10CTAaTOYHO OrpaHu-
YUTHCS JIMHEWHBIM NPUOIIMKEHUEM IpU yueTe 3(hdekTa NOBEPXHOCTHOTO HATSXKEHUS. JTO clie-
JyeT y>K€ M3 IEepBOro MOMPAaBOYHOIO WIEHAa B Pa3iOKEHUU KPUBU3HBI MOBEPXHOCTH pasena

N [1+ (nx )2 F/Z My, [1— 3(nx )2 / 2]. Kak BunHO 0TCIO1a, IONPaBOYHBIN K JINHEHHOMY 4WIEH SABJIA-

eTCsl KyOMYHBIM T10 aMIUIUTYAE W Y€TBEPTOTO MOPSIIKA MAJIOCTH IO TUCIIEPCHH, YTO BBIXOIUT 3a
npeaensl TOYHOCTU ypaBHeHUs (44). Bo u3bexaHue HEHY>KHBIX YCIOKHEHHUH BBIKIAJIOK MBI B
JTAJTbHEHIIIEM OTPaHNYMUBAEMCS TPAJUIIMOHHBIM TIPEICTABICHUEM KPHUBU3HBI TIOBEPXHOCTH KaK Tx.
[Ipumem BO BHUMaHHE TaKKe I'PaHUYHBIC YCIOBHUS OOpallleHHs B HYJIb BEPTUKAIBHBIX
KOMITOHEHT CKOPOCTH Ha HEMPOHUIIAEMOM JHE W Ha TOBEPXHOCTH, MCIOJb3Ys TPAAUIIMOHHOE
npUOIKEHNE «TBEPAON KPBILIKKUY», OTGUIHTPOBBIBAIOIIEE TOBEPXHOCTHYIO MOJY:

w,(z=-h)=0; w,(z="h,)=0. (8)

Janee nns nepexoia K aCUMITOTUYECKOHN MPOILeype HE00X0AUMO OIPEAENIUTh Mallble Ma-
paMeTphl pacCMaTpUBAEMOM 3a/1a4M, UCXOJI U3 €€ F€OMETPUU M MaciiTaba MCCleayeMbIX sIBlie-
Huil. B HacTosmiell paboTte paccMaTpUBaIOTCS JJIMHHbBIE BOJIHBI, TOPU30HTAIBHBIM MacTad Ko-
TOPBIX (UIMHA BOJHBI) L 3HAYMTENILHO MPEBOCXOIUT TOIHYIO TIyOHHY *)uakoctd H =hy + hy, a
XapaKTepHasi aMIUTUTY/1a BO3MYIIIEHUH A TpernoaraeTcsi Majioi 1Mo CpaBHEHHIO ¢ TITyouHoi H.
B »TOM cilydyae MOXHO BBECTH CIEIYIOIIME Majlble NapaMETPhl, XapaKTEpU3YIOIUE HEJIUHEH-
HOCTh H JIUCTIEPCHIO BOJIHOBOTO Tiporiecca: € = A/H, u = H/L2. CrangapTHOE MacIITaOMPOBaHUE
MaJbIX IMapaMeTPOB MPEANOIAraeT OJIMH NOPSAOK MAJIOCTU ITUX BEIUUYHUH: € ~ L.

OTmeTruMm, 4TO TpaHU4HbBIe ycioBus (7) 3aaHbl Ha TpaHHUIle pas3jeia cioes M (X, t), koro-
pasi cama SIBIIIETCS HEM3BECTHOW (DYHKIMEW W TIOJUICKHUT OIpeNeeHuio. B mpeamnonoxeHnn
MaJOCTH aMIUIUTYJl BO3MYIICHHI BCE€ HEU3BECTHbIE (YHKIUH, 3aBUCSAIINE OT BEPTUKAIbHOMN
KOOpJIMHATHI, B ATUX I'PAaHUYHBIX YCIOBHSIX MOTYT OBITh Pa3jiokKeHbl B psaabl Teisnopa mo ma-
JIBIM OTKJIOHEHUSM OT TOPU30HTAIbHOTO YPOBHS:

o0

f(x,z=nt) Zn_, — . )

=0 z=0

Crnenyromuii 3Tan aCUMITOTHYECKOM MPOLIETyphbl BHIBO/Ia HUCKOMOTO YPaBHEHHUS COCTOUT
B Pa3JI0’)KEHUM HEM3BECTHBIX (DYHKIUH B pSAABI 10 MAJIOMY NapaMeTpy:

2
n= 8(110 +en, +&M, +...),
u, = a(ulO + €Uy, +&°Uy, + ) u, = e(u20 + €U, +&°U,, + ) (10)
3/2 3/2
W, = (wlo +EW,, + €W, +.. ) W, (WZO +EW,, + E°W,, +.. )

P, = Py —p.92 "‘8(p11+ €Py, +¢? Pz + )1 P, = Py — P92 +8(p21 + &Py, +e? Pas + )
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Jlanee ocymiecTBIsieM MEpexo1 K MEIJICHHOMY BPEMEHU M MeUICHHOU KoopauHaTe. O00-
3HaYUM uepe3 ¢ — (a30BYI0 CKOPOCTh JJIMHHBIX JIMHEHHBIX BOJIH (KOTOPYIO MPEACTOUT OMpe-
JIETNTh) W BBEJEM MEJJICHHBIC TIEpEMEHHBIE!

E=g"?(x—ct); t=8¥%. (12)

Torna npou3BoAHbIE 110 IPOCTPAHCTBEHHON U BPEMEHHOM KOOpAMHATAM MOXKHO 3aIIMCaTh
yepe3 MeJJICHHbBIE IIepEMEHHbBIE CIIEIYOIINM 00pa3oM:
0 0 0 0 0
G2 . 9 _ g9 329
OX ot ot o ot
[Moncrasnss psaast (10) B cucremy ypaBuenwuii (1)—(6) u psiasl Buga (9) manst Upo, Wio U
P12, B TpaHu4Hble yciioBuUs (7) U, UCTIONB3YsI TpaHUUHbIE yciaoBHs (8), a Tak)Ke MEJUICHHBIE Te-
pemennsle (11), pemaeM nociaeaoBaTeNbHO NOJYUYEHHBIE YPAaBHEHUS B KaKJOM IOPSAJIKE 110 €.
[IpeaBaputenbHo ypaBHeHus, osydeHHsie u3 (1), (2), (7), (8), paznenum Ha % a s B)u
(4) — na e, [Ipoananusupyem MociieJoBaTeIbHO YPAaBHEHUS, [TOJydaeMble B KaXI0M MOPSI-
K€ I10 NapaMeTpy €.
Hynesoii nopsiook. B HyneBoM NpUOIIMKEHUH TTPU e’ noxyyaeM u3 ypaBHenui (1) u (2):
ou,, N Wy . OU,y,  OW,, _

-0; + 0. (12)
oE @ ot oz

Ot YpaBHCHUA, 6YI[y‘-II/I J'IHHGfIHBIMI/I, AOIMYCKAIOT pCIICHUA B BUJC PA3ACIICHHBIX IICPEMCHHBIX !

Ulo(é Z,1) = Alu(é,'c)Ul(Z), uzo(E.n Z,1)= A; (é,T)UZ(Z),
Wio(&,2,7) = A6, W, (2),  Wy(E,2,7) = A (&, T)W,(2).

Ypasuenus (12) ¢ ucnonb3oBaHueM BbipakeHUH (13) mpUBOISAT K COOTHOIICHUSIM:

(13)

AN U : A __ Y
ﬁ_ M_cl_const, ﬁ_ aw, =, = const,
o& dz 3l dz

rae C1 1 C2 €CTh IPOU3BOJIBHBIC KOHCTAHTHI.

[Ipexxae yem ABUTaThCs qanblie, 00Cy UM pa3MEepHOCTh BBEICHHBIX QyHKIMiA. Tpaauiu-
OHHO TIPU pa3JIeJICHUH NIEPEMEHHBIX B BOJHOBBIX 3aJladaX (PYHKITUH, ONPEACIISIONNE CTPYKTY-
Py PEIICHHS 1O «HEBOJHOBOI» KOOpAMHATE (B HAIIEM CITydae IO MOMEePEYHON KOOpIUHATE Z),
noJiararotrcst 6e3pa3MepHbIMU, a (YHKIMH, 3aBUCSIINE OT MPOJOJIHHOM KOOPAMHATHI, UMEIOT
pPa3MEepHOCTh UCXOMHOU nepeMeHHon. Crenys 3ToMy NMPUHITUITY, OyaeM cuuTaTh GyHKIuu U o

1 W12 Gespasmepubivi, a A,, A’, — HMeOmEME pa3MepHOCTs ckopocTH (M/c). IIpu TakoMm

YCJIOBUH TIOCTOSIHHBIE C1 U C2 UMEIOT Pa3MEpPHOCTh AJUHBI (M). Y I00HO MOJOKUTh UX PAaBHBIMU
OJIMHAKOBO BEJIMYUHE:

c, =C, =CT =const,

TAC ¢ — BBCACHHAA PAHEC (basoBas[ CKOpPOCTH JIMHEMHBIX JJIMHHBIX BOJIH, IOJJICKaIIasa OInpeac-

JeHuto, a T — XapakTepHbI BpeMEHHOI MaciuTa® BOJHOBOIO Ipolecca (Hampumep, Mepuos

BoJsIHbI). Torna

oA/ dw,
A1,2 . CT 1,2 .

’ U =
o€ b2 dz

A, =cT (14)

W3 rpaHMYHBIX YCIIOBHI Ha THE U Ha MMOBEPXHOCTH XKHUIKOCTH (§) rmosryyaem
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Tunuamyanun A. P. u gp.

W (z=-h)=0; W,(z=h,)=0. (15)

VYpaBuenust (3)—(6) ym0OBIETBOPSIOTCS TOXKIECTBEHHO NP €2, I'pannunbie ycnous (7)
nput €° PHBOJIAT K CISAYIOLIMM YPABHEHHSIM, COOTBETCTBEHHO:

C%-i-Aiw\Nl =0; C%+A2W\N2‘ =0; [pzo_ plo_(pz_p1)gZ]Z:0 E[pzo_ plO]Z:() =0,
6&_, z=0 aé z=0
U3 KOTOPBIX, YUUTHIBasA cOoTHOIIEHUs (14), momydaem:
T%WJ, :_%; T6A2W2|7 :_%, (16)
R o T
P20 = Pyo-

ITockonbky (ynkuu Wy onpeneneHsl ¢ TOYHOCTBIO 10 MOCTOSSHHOI'O MHOYKHUTEJS, TO Ha
HUX MO>KHO HAJIO)KUTD CJIEIYIOIIEE YCIOBUE HOPMUPOBKH

W1,2(Z = 0) =1. (17)
Toraa cootnomenus (16) narwot:
A, =—,/T.
Iepewiii nopsdok. Ipu € ypasrenus (1) 1 (2) IPUBOIAT K CIEAYIOLUM PABEHCTBAM:
aull + anl — O, auZl + a\N21 — O . (18)
& 0z o oz
B sTom ke nopsiake no € u3 ypaBHenuit (3) u (4) nomyyaem:
—p1C2 &rlo dWl + ap11 =0; _P2C2 ar|0 sz + ap21 =0. (19)
o dz & ot dz og
VYpaBuenus (5) u (6) narot:
Py _y, Par_g, (20)
oz oz

Pemas ypaBuenus (19) oTHOCUTETBEHO TaBJICHHM, ITOTyYaeM:

Y, M ~ oo dw,
P =pPiC My 4z + Py P21 =P, Ny 4z + Pyys

rae P;;, P,; — nocTrosiHHBIE UHTErpUpoBaHus. 13 ypaBuenuii (20) 3aTem cienyer:

W, _, AW,

dz? dz?

oTkyaa cienyet, uto Wi, ects nuHelHble QyHKIMH 0T Z: W1, = a@1,Z + b1 2. U3 ycnoBuii HOp-
mupoBkH (17) momyuaem, 4to D12 = 1, a U3 TpaHUYHBIX YCIIOBHH HA JHE U HA TIOBEpXHOCTH (15)
HaxoauMm, uto a; = 1/hy, a; = —1/h,. Takum o6pazom, nMeeMm:

Wo=241, W,=—2+1,
h, h

2

. 1
C yuyeToM nosydeHHBIX COOTHOIIEHUH ypaBHeHUs (7) IpU € UMEIOT BUJ:
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W11|Z 0 % hln %_ ?_g (21)
_Oo _2¢ oMy Oy 22
W21|Z:0 P hzn o€ 8& (22)
c? - -
no[ pl +p0 - P _ngj_p11+p21:0- (23)
hy h,

['paHMYHBIC YCIOBHS HA BHEIIHNX IPAHALEX (8) PH € BBINISIAT TAK:
wy,(z=-h)=0; Wy, (Z=P,)=0. (24)

U3 ypaBHenus (23), BO-IEPBHIX, CIEAYET, YTO Py = Py, 4, BO-BTOPBIX, MOXKHO OIIpejie-
JUTh CKOPOCTh ¢ OECKOHEYHO JUTMHHBIX BOJH B JIMHEHHOM NPUOIMKEHUU:

2 _ g(p, —p,)hh, .

C
p.h, +p,h

Teneps MOXKHO BBIITUCATh BCE WICHBI HU3ILIETO HEHYJIEBOTO Mopsaka 1o € B psjaax (10), Bei-
paskeHHbIE Yepe3 OJIHY HEU3BECTHYIO (DYHKIIMIO T)o — CMELICHHS I'PaHHIIbI pa3zesia >KUJAKOCTEH:

c c
Ulo:Eno’ uzoz_h_no’
b

W, = % —+1], Wzoz—C% | ;

og \ hy og\ h,

c? - c? -

pll:p;'ll + Piss pzlz_p; Mo+ Pus-
7

Bmopoii nopsiook. Ilpu & ypaBHeHUs (1) 1 (2) IpUBOJAT K CIIETYIOIUM PaBEHCTBAM:

Oy, , DM, _ o Oz,  OWyp _ (25)
o oz ok oz
W3 ypaBuenuii (3) u (4) nosydaeM npu e
Py ( 5110 =1 ano aun]+ Py, -0: (26)
h o hl a ) aq
&no 8‘nO auZl ap22
C + =0. 27
P2 ( h o hzno o€ o o (27)
VYpaBuenus (5) u (6) naror:
2
plcz(%]O —+1 +%=O; pzczanz0 _f +%=0. (28)
o0& \ h oz og h, 0z

Pemas 3T ypaBHEHUSI OTHOCUTENBHO JABJICHUM, OTydaeM:

__ 28“0 L = . __ Zano L
P, =—p,C 5& Z(Zhl"‘l] PL(E 1),  Pyp=-p,C 8& ( 2h, +1J+pzz(§ 7).
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2 A3
ch’ o M & n Ny % f‘ﬁ ap12+W11(§ 1)=0;
3 o8 h " oE ot pC o0&
2 3
%_G_hz 51130 =, Mo aﬂo h aplz g(p.—po)h, 5n1+W21(§ 1) =0,
3 p,C)ag h, 55_» ot p,e 8& p,C o
a Taxxke ycnoBus (21)—(23) Ha rpaHuIie pasiena cioeB, U3 KOTOPBIX MOIYYUM:
~ ano 5110 _ %
no c )
hl 5& o &
~ 8‘10 % 3‘11
2 aa o ag
C yuaerom (37), (38) ypaBuenus (35), (36) mpeoOpa3yroTcs K CISAYIOIIM:
Ch1 631]0 n 8‘10 8‘10 _ %_{_i@:
3 o m“aa o Cx s
ﬂzz_c_hz 63110_% ano 5110 hz 8512+g(p1_pz)h2%:0l
3 pe)aE h T Cor po p,C

22

VpaBuenus (7) npu &% IMEIOT BU:

Wi, o (
W, :[

o o,
o hl(”(’
o Ccf on
or (no o€
Thg(Pl — P2 )

Mo _

oMz

oW,
5110 n)—ﬂo 6211 + Uy

2,

.

[Ipu 5TOM rpaHUYHBIC YCIOBUS Ha BHEIIHUX rpaHuLax (8) BBITTISAIAT TaK:

U3 (31) MoxHO HaiiTn P,, =

le(z = _hl)

P, — nlg(pl p2)+(5

0g’

Ucknrouas manee U 1 U 13 (18), (26) u (27), Haxonum

c
Wy, = 2

@Sﬂo ( sz
og* | 3h hl

co’
Wa=75 6230(

z

290 O,y (e )

p,C

oG

g g
arlo R 2 6’]0 a'12
ok " ok ag
oM, ~
620 plz + p22 - O
=0; Ww,(z=h,)=0.
0 no

L Py e,

g L0,
8& h, ot c 0§
3
v2o 20| 2n0%2+ %z_
h, C'p, h; og h, ot

1y,
p,C O

Hcnone3yem nanee rpaHMYHbBIE YCIOBUS HA BHEIIHUX TpaHUINax (24):

aq

Z+

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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~

U3 stux i Py KaB
YpPaBHEHUI MOKHO HMCKJIIOYHUTH U MOJYy4YHTh cieayroee ypasHenue KaB mis
TPaHULBI pa3/ielia CIOEB:
n My, 0™
—1o 4 oan, —.- 0 B 0 _ (41)
o o o
I7ie HeMUHEWHBINA U TUCTIEPCHOHHBIN KO((QUIIMEHTHI UMEIOT BU/I:
o= 3c_phy —p,ht ; B= chh, p,hy +p,h, —30/c? . (42)
2hh, p,h, +p,hy 6 pih, +p,hy

[Tpomomkas nanee mponenypy BbIBOAA BOJTHOBOTO YPAaBHEHHS B BBICIIUX MOPSAKAX IO &,
BBITIHIIIEM BCE MEPBBIC MMONPAaBOYHbBIC WICHBI B psagax (10), BelpaxkeHHBIC Yepe3 QYHKIUU 1Mo U
N1. BepTukanbHbpie ckopocTu Haxonatcs u3 ypaBHenwit (33), (34), (37), (38) u moboro u3
ypaBuenuii (39), (40):

2l 3
W, = [LZ +22 +[plh £ 2ph g paChy 30JZ_BJ81130+
1

6h, p.hih, 3cp o0&
g el
pihh, plh1 h, h, o& h, o
W21:(—LZ3 -i-EZ2 +(£—%JZ —BJ%+
6h, 2 h, 3 o0&

N 3
h, h o0& h, ) 6¢

N3 ypaBHenus (19) HaliieM KOMITOHEHTHI TOPHU30HTAIBHOW CKOPOCTH:

2
ullz(—_z Cz_plh2+2p2hl +p2Ch 36}6 T]O

2h, p.huh, 3cp, G
2
- pih, + 2p,hy 04 C plh 3p§hl n2 + Enl,
2p,hh, h1 h, hy

c ch, \&’ @  C c
Uy, =| —2°—Cz - B SN _ — = M=,
2h, h 08’ 2h, h, h,
KoMIoHeHThbI JaBiaeHMs BbIpa3suM M3 ypaBHEHMs (28) ¢ yueToMm Jr000ro M3 ypaBHEHUU
(37), (38):

2 2 2 )
P, :(_&Zz_plczz_ 2p,CB , poC°h, _Gja Mo _ph_zc[ﬁmlng et
2

2h, h, 3 8&2 2h, h,
P2 2p,CP pzczhz 621]0 _pC 3c 2 poz
C Z— + — .
P22 = (2h —P2 h, 3 oe2  h, 2h Ta Mg h, ™

[Toxy4eHHbIE BBIpaKEHUSI MOXKHO HCIIOJIB30BATh JJIsl IOCTPOCHHS YPaBHEHHUS CIEIyIOIe-
ro IpUOTMKEHUS.
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Tpemuii nopsiook. Bee ypaBHEHHUSI B TPETHEM TOPSAJIKE 110 € OKA3BbIBAIOTCS JOBOJIBHO T'PO-
MO3IKUMHU; NIl UX TMOJy4eHHs ObLTa MCHOJIb30BaHA MPOTPaMMa CHUMBOJIBHBIX BBIYUCICHUN B
Maple. 3Z[€CB MBI HC IPUBOAMM ACTAJIM PACUCTOB, 4 ONHWIICM JIMIIb KPAaTKO OCHOBHLIC IIaru,
HEO0OXOUMBbIE AJI BHIBOJA HETMHEHHOTO 3BOJIOLMOHHOTO YPaBHEHUS CIEAYIONIEro MOopsaKa
JUTSL CMELEHUSI TIOBEPXHOCTH pa3fielia CIO0EB.

U3 ypaBHEHHIA, OMy4aeMbIX u3 (5) i (6) IPH € HHTETPUPOBAHUEM IIO Z, CHOBA HAXOIUM
KOMIOHEHTHI JaBieHuil P5(§,2,1T) u P,5(E,2,T) ¢ TOYHOCTBIO 1O AXTUTUBHBIX (QYHKIUHA

Ps(6,7) 1 Pya(€, 7). Y3 rpanmanoro yciosus (7) OpH €0 MOXKHO HANTH CBA3b MEXKIY STHMH
dyuxumsavu Py,(&,1) u P,s(&,T) . 3aTem u3 ypasHeHuii, monyyaembix u3 (3) u (4) npu &, uc-

HOJIB3Ysl ypaBHEHHUE (25) U1 HCKITIOYEHHS TOPH30HTAIBHBIX CKOPOCTEH Uip M Upo, HallieM W12
W22 C TOYHOCTBIO JIO aJINTUBHBIX GYHKIHA Wi,(E,T) U W,,(&,T) . DTr QyHKIMEU Onpenennm 13

rpannuHbiX ycioBui (29), (30). anmee ucnonb3yem rpaHuyHble yciioBus (32); uckirodas
P5(&,T) , IPHBOAKMM KX K OJHOMY YPABHEHHIO:

on, o, O 2 0Ny o, O _
ot ‘H{no o€ +1n, 5§J+ a& 0‘mo o€ +71n0 @i +7, o€ @i Bl 2,; —0, (43)

rze o v 3 onpenensitorcst popmynamu (42), a ocTalibHbIC KO3()(DUIIMEHTH HIMEIOT CIISAYIOUTHI BUT:

3c(hp2 +8p,p,hch, +14p,p,h2h? +8p,p,hihS +hip?)
8hl hz (thl +p; 2)

_7(h} =h))pyp,c® +5hPhypie?® + 2hh, (h —h,)p.p,c* —3(hip, —hFp,)o —5hhipic®

o =—

' 120(p2h1 +pih, )2 1
3UN, — )pip,c” + 230 hypsc” + 8y, (hy —hy)p,p,C° +15(h7p, —op,)o — 23hyprc”
Yo =~ 2 ,
24C(chl + Plhz)
5 o oo, (0 + 02 +15h2h2 1 2)+ (197 4y, (p2h? + pZh2 )—Bhyh, (pyhy + p,h, +30/ 2¢? 3o/ 2¢?)
b0 (pzhl +p,h, )2

BBesem o6o3HaueHue { =, +en, =n+O0(e?). [lepemennas { OnuchIBaE€T BO3MYIICHHE

TPaHUIBl pa3zesia C TOYHOCTHIO 10 YJICHOB MOPSAIKAa MAJIOCTH IO € BKIIOUYUTETHHO. KoMOMHU-
pys ypaBHeHus (41) u (43), nonyyaem Boiciee ypaBHenue KnB, cnipaBensinBoe B TOM e MpH-
ONMKEHHH 10 €:

& &, g0 [, 0, &I % 1
o Céﬁi (Caa 1(:6& 2 08 o’ Bl@&J ' (44

DT0 U ecTh HCKOMOE ypaBHeHue 1 BB Ha rpanuie pasaena cioeB ABYX, BOOOIIE TOBO-
psi, HECMEIIMBAIONTUXCS KUAKocTel. [loguepkHeM, 4TO TIpU €ro BBIBOJAEC MBI HUTJE HE UCTIOJb-
30BajIfl YCIOBHE MOTEHIIMATBLHOCTH KHUAKOCTH, TIO9TOMY JaHHBIN BBIBOJ MOKET OBITH C pPABHBIM
YCIIEXOM HCIIOJIb30BaH ISl BEIBO/IA YPABHCHHM BS3KOM W/WJIM Bpallaromencs >KuaKkocTu. Takoe
ke 1o Gopme ypaBHeHUE ObLIO BBIBEACHO B paboTe [14], HO Oe3 yueTa MOBEPXHOCTHOTO HATS-
KEHUS MEKIY CIOSMHU.

AHaymm3 k03(ppunueHToB ypaBHeHus (44) m pa3iuyHble YacTHbIe ciay4dau. Beenem
Oe3pa3mepHbIe apaMeTpsl a, b u S crneayrommmM 06pazom:

a = palp1 <1, b=hylhy, s = 20[(pr+p2) gHA ™
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1 BbIpa3uM Kod(puimeHTs ypaBHeHus (44) yepes 3TH mapaMeTphbl:

>  bl-a) ._oH _3(1+b)b*-a),

gH (@+b)a+b)’ "~ ¢ 2 ba+h)

«_ B _ 1 2b(l+ab)(1l-a)-3(L+a)(@+h)(l+b)’s 5
cH? 12 (1+b)’(a+b)1-a) ’

B

« aH?  3(a%+8ab+14ab? +8ab® +b*)(1+b)?
0= 73 2 2 '
c 8 b%(a+h)

. _n __Sa’b+2ab-7ab’+7a-2b%a-5b° (L+b)(l+a)(@a-b)s.
o 12+ b)(a+b)? Bh(L—a)(a D)

o do 23a%b +8ab - 31ab°® + 31a —8b°a—23p”  5(1+b)(1+a)(@—b°)s |
2 cH 24(1+b)(a +b)? 16b(1—a)(a +b)

B (@+a)’s®  (1+a)(@+1)bs +(4ab4+19b+30b2a+19a2b3+4a)b
cH*  32(1-a)® 24(1-a)l+b)’(a+h) 360(a +b)?(1+b)* '

Ecnu B ¢opmynax (45) monoxuts S =0, TO ¢ TOYHOCTBIO 10 0003HAUYEHUI OHU MepeIyT B
dbopmyiibl u3 paboTsl [14].

I'paduKH HOPMHPOBAHHBIX KOS(DHUIHMEHTOB o, B, 01, Pi, Y1 ¥ Y2 TpHBEICHHI Ha
puc. 2. Ha puc. 3 npencraBieHa 3aBUCMIMOCTh HOPMHUPOBAHHOTO KOA(PPHUIIMEHTa TTOBEPXHOCT-
Horo HaTspkeHust 6g/[(p1+p2)H] oT monHON rimyOUHBI AJIsl pa3IMYHBIX KOMOMHAIM KUAKOCTEH
B BEPXHEM U HWKHEM cJI0€ (Pa3IHyHbIX P1 H P2).

Kak BuIHO M3 3TUX Tpa@uKoB, paa K03(D(UIMEHTOB ypaBHEHUS MOXKET OOpaliaThCs B
HOJIb M MEHAThH 3HaK. B "yacTHOCTH, KOA(DOUIIMEHT KBaIpaTUYHON HETMHEWHOCTH O MCYE3aeT
P A¢r = b? (3TO OOCTOSITENILCTBO OTMEUATIOCh BO MHOTHX paboTax [15]), a koadduruenT auc-
nepcuu 3 mpu NpOU3BOTHON TPETHETO MOpsiAKa B ypaBHEHHH (44) 3aHymseTcs npu

_ 2b(1-a)(1+ab)
“31+b)?(a+b)l+a)’

Ecnu o6a 3TH yCIIOBUS BBIMONHSIOTCS OJHOBPEMEHHO, TO BBIPAXKEHUS JUISI OCTABIIHUXCS
koa(purmeHToB ypaBHeHUS (44) MPUHUMAIOT BU/I;

. 3(1+b)?* . b*-b*+b*-b+1 . -1+b . —=1+Db
0 == 1 Blz 2 Y1 = v Yo =
b 90(L+ b) 6(L+b) 3(L+b)

U OCHOBHOE ypaBHEHHE (44) B OKPECTHOCTH TaKMX KPUTHYECKUX TOYEK 3aMETHO YIIPOIIAETCH.
OcoOblit MHTEpEC MPECTaBISET CUTYaLus, IPU KOTOPOH KO PUIIMEHTHI KBaApaTUUHON HeTUHEH-
HOCTH 0. U IMCTIEPCHU TPETHETO MOPSAKA B OTHOBPEMEHHO CTAHOBSITCSI MAJIBIMH, a KOA(PPUIEHTHI
Y1 ¥ Y2 IPEHEOPEKUMO Majlbl — 3TO BO3MOKHO mpH b = 1, T. €. Kora TONIINHBI CIIOEB MPHUMEPHO
OJIMHAKOBBI. B OKpecTHOCTH Takol JBOMHON KPUTHUYECKON TOUKU ypaBHEHUE (44) cBOIUTCS K Clie-
JYIOIEMY YpaBHEHHIO, KOTOpoe Mbl OyJieM Ha3blBaTh ypaBHeHHeM [ apaHepa—Kapaxapsbl:

oz oz oz 0% , 07

—+C—+oz—+P—+0,2"—
ox Bax?’ oox

0°z
at +B1$=0' (46)

rae Z = (.
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Puc. 2. I'paduxn HopMrpoBaHHBIX K03 (puiineHToB ypaBHeHUs (44).

a — K03(GUIMEHT KBaAPATUUHON HETHHEHHOCTH 0 ; 6 — KOdQOUIHEHT TUCTIepCHE B ; 6 — KOd(HIMEHT Ky-
OUUECKO HEMMHEIHOCTH 0 ; 2 — KOI((GHIMEHT JUCIEPCHH CTAPIIEro NopsIKa Py ; 0 — Kod(duImenT
HEJIMHEIHOM AuCIepCHH y; ; e — K0IQDUIHEHT HEMHEHHON HCIEPCHH Y,

(MyHKTHPHBIMH JTHHUSIMH H300pakeHbI 3aBUCUMOCTH TipH G = 0).

IIpu B1 =0 3710 ypaBHEeHHME NIpeBpalaeTcs B U3BECTHOE ypaBHeHue ['apaHepa, KoTopoe
SBJIIETCS TTOJIHOCTHIO UHTEIPUPYEMBIM U COJIEP>KUT, B YaCTHOCTH, COJINTOHHBIE pemieHus [1, 5,
8, 9]. B npyrom npenenbHoM ciaydae oy = 0 ypaBHeHue (46) npeBpaiiaercs B ypaBHeHue Kaa-
Xapbl, KOTOPOE HE SBISETCS MOTHOCTHIO HHTETPHPYEMBIM, HO COAEPIKUT COJIMTOHBI, 00JIaaro-
M€ OCUWUIUPYIOIIUMHU acUMTOTHKaMu [16]. braromaps 3ToMy, BO3HUKAIOT CBSI3aHHBIE CO-
CTOSIHUS U3 JIBYX WJIM HECKOJIBKUX COJIMTOHOB, BIUIOTH JI0 0Opa30BaHMs OECKOHEYHBIX LIEMOYEK
CTAllMOHAPHO CBSI3aHHBIX COMUTOHOB [17—19]. Takue nenoyku MOryT ObITh KaK PEeryJIsipHbIMH,
TaK ¥ HEPETYJISIPHBIMH, TIPEICTABIISASA OO0 KBa3HCIyYaiHbIE TOCIIEI0BATEIBHOCTH COTUTOHOB.
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Kak moxaspIBarOT npeaBapuTeIbHbIC PAcUEeTHI,
ypaBHEeHHE (46) Toxke 00JalaeT COMMTOHHBIMU pe-
HICHUSIMA € OCIMJUTUPYIOIIMMHU  aCUMIITOTHKAMH.
DTO JenaeT ero MpuBJIEKAaTeIbHBIM KaK C TEOPETHU-
YECKOW TOYKH 3PEHHUS, TaK U B IJIaHE MPAKTUYECKUX
MPWIOKEHUHN K 33a/1ayaM O TEYEHUU TOHKHUX IJICHOK
HECMEIIIMBAIOIIMNXCS KUAKOCTEH. JIeHCTBUTEIBHO,
IpU TEYCHUH TOHKUX IJICHOK HECMEIIMBAOLIUXCS
JKUJIKOCTEH BO3MOJKHBI TaKHWe PEXHMBI, MPU KOTO-
pPBIX BO3HHUKAIOT COJUTOHBI C OCHMWUIMPYIOLIUMHU 107 H, m 10
acuMntoTukamu. [Ipu 3TOM, Kak OTMEUYEHO BBIIIE,
U3 HUX BO3MOXXHO OOpa30BaHHME CBSI3aHHBIX Kak
CTAIlMOHAPHBIX, TAK U HECTAIIMOHAPHBIX COCTOSHUH,

Puc. 3. 3aBucUMOCTh HOPMUPOBAHHOTO
KO3 PUIMEHTA TOBEPXHOCTHOTO HATSKCHUS S
OT IOJTHOW TITyOWHBI KHUIKOCTH

B TOM YHCJIEC U OSCKOHEYHBIX IIETIOYEK XAOTHUYCCKHU JUISt PA3IIMYHBIX P11 Pa.
CBSI3aHHBIX MEXAy co00i comutonoB [17—19]. Xa- 1 — Bona-6en3on, 2 — Boga->¢up,
PaKTEPUCTUKH TEUYCHHUs MPU HATUYUH COJUTOHOB 3 — pryTb-BOZa, 4 — PTYTh-CIIUPT.

CHJIBHO OTJIMYAIOTCS OT JIAMHHAPHOTO TE€YCHHS (Ha-

pHUMep, CUjla COMPOTUBIICHUS, IEPEHOC BEIIECTBA), YTO MOXKET MPUBOJUTH K HEXKENATEIbHBIM
s dexram, a HHOTIA U, HAOOOPOT, K MOJIOKHUTEIbHBIM 3 dekTam. Onupasch Ha BBHIBEICHHOE
MOJIeTIbHOE YPaBHEHHE U 3HAS €r0 PEHICHUS, MOXKHO MPEAJIOKUTh CIIOCO0 yMpaBiIeHHs TEUCHU-
eM. DTO OJIMH W3 MPUMEPOB BO3MOKHOTO MPAKTHYECCKOTO MPHIOKEHHUS PACCMOTPEHHON 3/1€Ch
3a1aud. BeposiTHO, MOXHO MPEII0OKUTh U APYTUE NPUMEPHI.

*k*k

Wrak, B qanHO# paboTe i onMcaHus JUHAMUKY HeTMHEHHBIX BB BbIBeIeHO 0000111eHHOE
ypaBHeHue KopreBera—iue Bpusa, coaeprkaniee 4ieHbl BBICIIETO MOPSIKA MAJOCTH IO HEU-
HEWHOCTU U aucnepcur. lIpoaHanu3upoBaHa CTpyKTypa 3TUX WICHOB B 3aBUCHUMOCTH OT mapa-
METpPOB CTpaTU(UKAINU (THIOTHOCTEH W TOJIIUH CJIOEB, BETMUYMHBI TTOBEPXHOCTHOTO HATSHKEHUS
MeXxay >KuIKocTsMH). [loka3aHo, 4TO MpHU ONpPENEIeHHOM COOTHOILIEHUU MEXIy 3TUMHU Mapa-
MeTpaMHu psl KO3 OUITMEHTOB OCHOBHOTO YPaBHEHUS OOPAIIAETCsl B HOJb, IPH STOM YpaBHEHHUE
CYIIECTBEHHO YIIPOILAETCS, XOTS MO-TPENKHEMY OCTAECTCS HEJIMHEWHBIM U JUCIIEPCUOHHBIM.
CtpyKTypa peltieH!il JTaHHOTO YpaBHEHUS eIlle He M3BECTHA, S TOMY OyJIeT MOCBSIICHA OT/AeIbHAs
pabota. OHaKO yXKe ceifuac MOXKHO CKa3aTh, YTO TI0 OMBITY MCCIEIOBAHUS aHAJIOTUYHBIX BOJTHO-
BBIX 3371a4 3/1ECh MOKHO OKHMJIaTh BECbMa MHTEPECHBIE CTPYKTYPHI B BUJI€ COJIUTOHOB C OCIIHII-

JMPYIOIMMHU aCUMIITOTUKAMH, aHAJIOTHYHBIMU HaOII0JaBImMcs B padotax [16—19].
Ilpeocmaenennvie  pezyiomamel noayuenvlt 6 pamkax peamuzayuu DL  «Hayunvle u HayyHo-

nedazocuyeckue Kkaopwl unnosayuonnol Poccuuy na 2009—2013 ze. (Ne 14.B37.21.0881), a maxkoice npoexma Ha-
yunoeo ¢onoa HUY BIIID Ne 12-01-0103 u epanma PODH 14-02-00983.
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GENERALIZED KORTEWEG—DE VRIES EQUATION
FOR INTERNAL WAVES IN TWO-LAYER FLUID

The derivation of the fifth-order Korteweg—de Vries equation is presented for internal waves in
two-layer fluid with surface tension on the interface between the layers. The fluid motion is not sup-
posed to be potential, therefore similar derivation can be used for consideration of wave motion in
viscous fluid, in rotated fluid or for the shear flows with nonzero vorticity. Explicit expressions are
obtained for the coefficients of the equation depending on the parameters of the background medi-
um: widths of the layers, densities of the fluids, coefficient of surface tension. It is shown that for
some combinations of the parameters of background medium the coefficients of the quadratic non-
linear and lowest order dispersive terms in the derived generalized equation can vanish and change
their signs. Especially interesting is the situation when these terms become small simultaneously,
and the coefficients at the nonlinear dispersive terms are also small. This is possible when the widths
of the layers are almost equal. In the vicinity of such a double critical point the derived equation re-
duces to Gardner-Kawahara equation, which possesses solitary wave solutions with oscillating tails.
Such a property makes this equation attractive theoretically and from the point of view of practical
applications in the problems of flows in thin surface films of immiscible fluids. The characteristics
of the flow in the presence of solitons significantly differ from those in the laminar flows, and this
can lead to either negative or positive effects. On the base of the derived generalized equation and its
solutions one can propose a method of control over a flow.

Key words: two-layer fluid, pycnocline, internal waves, nonpotential flow, surface tension, Korteweg—de Vries
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