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Проводится	 сравнительный	 анализ	 влияния	 топографии,	 β-эффекта	 и  градиента	меридиональной	 изменчивости	
фонового	течения	на	распространение	баротропных	топографических	волн	Россби.	Опираясь	на	уже	полученные	ре-
зультаты	о  том,	что	короткие	волны	практически	не	наблюдаются,	 а  также	учитывая,	что	влияние	стратификации	на	
длинные	волны	Россби	незначительно,	мы	исключаем	из	задачи	влияние	стратификации	и рассматриваем	вертикально	
интегрированное	зональное	течение.	Меридиональную	изменчивость	фонового	течения	топографии	мы	рассматрива-
ем	в ВКБ-приближении.	Это	позволяет	получить	дисперсионное	соотношение	для	плоских	баротропных	топографи-
ческих	волн	Россби,	в котором	одновременно	учитываются	эффекты,	связанные	с вращением	Земли,	сдвиг	скорости	
и топография.	В рассмотренных	примерах	сдвиг	скорости	течения	рассчитывается	по	данным	продукта	GLORYS12v1	для	
акватории	расположенного	в  зоне	действия	Антарктического	циркумполярного	течения.	В качестве	 топографической	
структуры	рассматривается	зонально	вытянутый	хребет,	рельеф	которого	аппроксимируется	экспонентой	или	гауссианой	
с различными	параметрами.	Установлено,	что	локально	вклад	сдвигового	течения	может	перекрывать	вклад	топографии.	
Показано,	что	топографический	фактор	в дисперсионном	соотношении	является	доминирующим,	при	этом	с северной	
стороны	хребта	в южном	полушарии	топография	усиливает	действие	β-эффекта,	а с южной	стороны	—	ослабляет.

Ключевые слова:	Волны	Россби,	ВКБ-приближение,	дисперсионное	соотношение,	нелинейные	эффекты,	топография,	
струйное	течение,	Антарктическое	циркумполярное	течение,	АЦТ,	GLORYS12v1.
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The	present	study	analyses	the	influence	of	topography,	β-effect,	and	the	gradient	of	the	meridional	variability	of	the	back-
ground	current	on	the	barotropic	topographic	Rossby	waves.	We	exclude	the	stratification	effect	from	the	problem	and	consider	a	
vertically	integrated	zonal	flow	because	the	previous	results	show	that	short	waves	are	seldom,	and	the	stratification	effect	on	long	
Rossby	waves	 is	 insignificant.	We	consider	the	transverse	(meridional)	variability	of	 the	background	topography	current	 in	the	
WKB	approximation.	Thus,	we	obtain	a	dispersion	relation	for	plane	barotropic	topographic	Rossby	waves,	which	simultaneously	
accounts	for	the	effects	of	the	Earth’s	rotation,	velocity	shear,	and	topography.	The	GLORYS12v1	product	for	the	Antarctic	Cir-
cumpolar	Current	zone	is	used	to	calculate	the	current	velocity	shift.	The	topography	structure	is	modeled	as	an	elongated	ridge	
and	approximated	by	an	exponential	and	a	Gaussian	function	with	different	parameters.	The	results	show	that	the	contribution	of	
the	shear	flow	can	overlap	the	contribution	of	topography	locally.	The	topographic	factor	in	the	dispersion	relation	is	dominant.	
Specifically,	in	the	southern	hemisphere,	on	the	northern	side	of	the	ridge,	the	impact	of	topography	on	the	Rossby	waves	inten-
sifies	due	to	the	β-effect,	while,	on	the	southern	side,	it	reduces	due	the	β-effect.
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1. Introduction

Established	 that,	 in	 the	propagation	of	Rossby	waves	 in	 the	ocean,	 the	key	 role	belongs	 to	 the	 relationship	
between	the	meridional	heterogeneity	of	the	Coriolis	parameter	(β-effect)	and	topographic	changes	in	the	relief.	
If	we	simultaneously	take	into	account	the	large-scale	topographic	variability	in	the	bottom	topography	and	the	
differential	rotation	of	the	Earth,	then	the	generalized	parameter	β,	including	both	factors,	is	determined	by	the	
relation	[1]:

( )2 /
* .

H ff f f H
H y y H y

∂ ∂ ∂
b = − = −

∂ ∂ ∂

From	this	formula	it	follows,	that	the	propagation	of	Rossby	waves	is	influenced	simultaneously	by	meridional	
changes	in	the	Coriolis	parameter	f	and	meridional	changes	in	depth	H.	Enstrophy	conservation	requires	compensa-
tion	of	 the	planetary-topographic	vorticity	by	 the	 intrinsic	vorticity	of	planetary	waves,	and,	as	 the	fluid	particles	

move	through	the	contours	 ,f
H

	their	relative	vorticity	also	changes.	Consequently,	an	increase	in	the	planetary	wave	

effects	is	expected	where	there	is	a	thickening	of	isolines	 ,f
H

	for	example,	near	the	mid-ocean	ridges	[2].	The	influ-

ence	of	topographic	features	on	the	propagation	of	barotropic	planetary	waves	was	first	considered	by	Veronis	[3]	and	
Rhines	[4].	See	please	other	research	in	papers	[5–7].

In	recent	years,	emerging	studies	analyze	the	background	baroclinic	flow	influence	on	the	propagation	of	plan-
etary	waves.	The	mean	flow	changes	the	potential	vorticity	waveguide	in	which	waves	propagate,	and	the	velocity	
shear	contributes	to	the	vorticity	balance.	Bobrovich	and	Reznik	[8]	analyze	a	one-parameter	asymptotic	expansion	
for	a	continuous	stratification	problem.	The	authors	consider	linear	Rossby	waves	in	a	continuously	stratified	ocean	
with	a	rough	bottom	and	show	that	for	the	case	of	a	constant	buoyancy	frequency,	but	without	taking	into	account	
the	current,	there	are	three	types	of	regimes:	topographic	regime,	barotropic	regime,	and	a	discrete	set	of	baroclinic	
regimes	(see	also	[9]).

Continuing	these	investigations,	Gnevyshev	et	al.	[10]	show	that	Rossby	waves	propagating	in	the	waveguide	in-
teract	nonlinearly	with	the	flow,	and	the	Doppler	shift	is	balanced	by	nonlinearity.	Using	altimetry	data	for	the	Ant-
arctic	Circumpolar	Current	(ACC),	the	authors	demonstrate	that	meridional	changes	in	planetary	vorticity	can	be	
counterbalanced	by	local	meridional	changes	in	relative	vorticity.	In	this	case,	in	the	expression	for	b*,	which	is	«ef-

fective»	β,	the	meridional	gradient	of	the	zonal	velocity	shear	prevails	Uyy:	b*	=	b	–	Uyy,	where	 ,df
dy

b = 	as	a	result,	

Rossby	waves	in	the	ACC	waveguide	can	propagate	eastward	[10].	However,	in	areas	of	jet	streams,	large-scale	topo-
graphic	features	also	affect	the	dynamics	of	Rossby	waves.	A	comparative	contribution	of	the	Earth	differential	rota-
tion,	a	shear	flow,	as	well	bottom	topography	to	the	equation	of	conservation	of	a	potential	vortex	has	not	been	esti-
mated	previously.	In	this	paper,	we	study	the	influence	of	these	factors	on	the	propagation	of	Rossby	waves	in	several	
ACC	regions,	both	with	model	situations	and	according	to	oceanic	reanalysis	data.	Analyzing	the	topography	effect,	
we	believe	that	the	topography	is	zonally	homogeneous.	In	this	work,	we	do	not	consider	such	phenomena	as,	for	
example,	the	resonant	response	from	the	passage	of	waves	over	a	meridionally	homogeneous	ridge	of	hills.	These	
problems	are	more	typical	of	the	atmosphere	than	of	the	ocean.

The	initial	problem	formulation	for	the	joint	influence	of	topography	and	stratification	is	outlined	by	Rhines	[4].	
The	author	discusses	a	regime	with	steep	slopes	when	the	node	of	the	first	baroclinic	mode	shifts	to	the	bottom.	Rhines	
concludes	that	with	an	increase	in	the	bottom	slope	and	the	wavenumber	increase	(decrease	in	the	wavelength),	the	
near-surface	wave	changes	its	vertical	mode	and,	instead	of	the	near-surface	one,	becomes	a	bottom-trapped	mode.	
This	influence	of	topography	on	short	Rossby	waves	sometimes	is	interpreted	as	a	topographic	filter	in	the	propaga-
tion	of	short	Rossby	waves.	Perhaps,	due	to	the	topographic	filter,	hardly	any	short	waves	are	recorded	in	observations	
during	field	observations.	It	is	important	to	note	that,	depending	on	the	bottom	slope,	topography	can	either	enhance	
or	weaken	the	β-effect.

In	the	general	case,	when	stratification,	topography,	and	β-effect	are	simultaneously	present,	the	variables	are	
not	separated,	and	the	problem	becomes	analytically	complicated.	Therefore,	starting	with	the	work	of	Rhines,	the	
influence	of	topography	and	stratification	or	topography	and	the	β-effect	[11]	are	analyzed	separately.	These	consid-
erations	lead	to	approximations	known	in	the	literature	as	the	first	and	second	Rhines	approximation	[2].	The	current	
state	of	the	art	of	formulation	of	this	problem	in	terms	of	“topography	plus	stratification”	can	be	found	in	the	study	
[12].	In	addition	to	numerical	calculations’	results	in	this	formulation,	the	particular	solution	with	Bessel	functions	is	
an	undoubted	success	that	helps	circumvent	solving	the	transcendental	eigenvalue	equation.
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Despite	 significant	 improvements	 in	 the	 agreement	between	 theory	 and	observed	data,	 the	 listed	works	have	
not	provided	anything	qualitatively	new	since	Rhines.	In	particular,	Brink	&	Pedlosky	[13],	in	addition	to	surface	
pumping,	modified	the	 lower	boundary	condition	by	adding	bottom	friction.	The	 introduction	of	bottom	friction	
complicates	the	problem	even	in	a	linear	setting	because	it	introduces	instability	to	the	problem.	The	vertical	problem	
numerical	solution	with	actual	stratification,	velocity	field,	and	topography	in	specific	regions	of	the	World	Ocean	
was	performed	[14,	15].	The	authors	showed	that	taking	into	account	baroclinicity	and	actual	stratification,	numer-
ous	problems	arise,	up	to	the	absence	of	neutral	modes	as	such.	Note	that,	based	on	the	presented	numerical	calcula-
tions,	the	authors	conclude	that	the	seasonal	change	in	the	stratification	field	is	not	significant	for	the	analysis	of	the	
eigenvalue	problem	and	thus,	use	the	average	annual	stratification	field.

We	follow	the	works	of	Gill	[16]	and	Chelton	et	al.	[17–18],	where	they	argued	that	stratification	does	not	
affect	long	waves.	The	novelty	of	the	present	problem	formulation	is	in	simultaneous	consideration	of	all	three	
factors	that	affect	Rossby	waves,	differential	rotation	of	the	Earth,	shear	flow,	and	topography.	Rejecting	the	
traditional	 linear	 approach	 to	 the	 dispersion	 equation	 and	 relying	 on	 the	 results	 already	 obtained	 that	 short	
waves	 are	 practically	not	 observed	 [12],	 and	 also	 considering	 that	 the	 effect	 of	 stratification	on	 long	Rossby	
waves	is	not	so	significant	[16–18],	we	exclude	the	influence	of	stratification	from	the	problem.	Also,	to	avoid	
complications	with	critical	layers,	we	consider	a	vertically	integrated	zonal	flow	to	obtain	an	analytical	expres-
sion	for	the	phase	velocity.	We	study	the	transverse	(meridional)	variability	of	the	topography	background	cur-
rent	in	the	WKB	approximation	and	with	model	topography	profiles.	This	approach	allows	direct	assessment	of	
the	contribution	of	the	β-effect,	the	relative	influence	of	topography,	and	the	gradient	of	the	background	current	
meridional	variability.

To	apply	 this	approach	in	practice,	we	selected	an	area	 in	 the	ACC	area.	The	absence	of	 land	barriers	 in	 the	
ACC	leads	to	pronounced	dynamic	features,	which	direct	analogs	are	not	found	in	the	theory	of	mid-latitude	ocean	
gyres.	The	main	elements	of	the	bottom	topography	influencing	the	ACC	are	the	Drake	Passage,	Kerguelen	Plateau,	
Campbell	Plateau,	Macquarie	Ridge,	and	the	Pacific-Antarctic	Ridge.	The	main	barrier	directly	in	the	ACC	band	is	
the	Austral-Antarctic	Ridge	[19].	The	presented	elements	of	the	oceanic	relief	affect	both	the	direction	of	the	current	
flow	and	the	kinetic	energy	of	the	vortices	in	the	flow.	Thus,	after	the	flow	crosses	the	underwater	ridge,	the	number	
of	small-scale	eddies	increases.	Even	relatively	small	eddies	account	for	a	significant	portion	of	the	flow	vortex	kinetic	
energy	[20].	Also,	mesoscale	eddies	(10–100	km	in	diameter)	can	form	due	to	large-scale	irregularities	in	the	bottom	
topography	[21],	barotropic	[22–23],	and	baroclinic	instability	of	the	ACC	[24].	The	temporal	and	spatial	scales	of	
variability	typical	for	ACC	range	from	10	to	100	days	and	25	to	250	km	[25].

Despite	the	relatively	slow	flow	in	the	regions	between	the	fronts,	the	current	carries	more	water	than	any	other	
ocean	current	[22].	The	ACC	transfers	a	total	of	173.3	Sv	through	the	Drake	Passage	(barotropic	transport	45.6	Sv,	
baroclinic	 transport	 equal	 to	 127.7	 Sv)	 [26].	Also,	 numerous	 studies	 confirm	 the	 significant	 influence	 of	 bottom	
topography	on	flow	behavior,	which	controls	ACC	jets	propagating	up	to	2000–4000	m	in	depth	[27–29].	Undoubt-
edly,	large-scale	topographic	structures	have	a	significant	impact	on	the	propagation	of	Rossby	waves	in	the	ocean.	
However,	which	mechanisms	contribute	the	most	remains	a	mystery,	differential	rotation	of	the	Earth,	shear	flow,	or	
topography.	For	this	purpose,	we	derive	a	more	general	dispersion	relation	for	Rossby	waves,	in	which	an	additional	
term	appears,	reflecting	the	mutual	influence	of	topography	and	variability	of	the	background	jet	flow.	Further,	we	
consider	several	analytical	topography	models,	for	which	we	estimate	the	terms	from	the	new	generalized	dispersion	
equation.	Thus,	a	comparative	analysis	of	 the	contribution	of	various	factors	 to	the	 linear	dispersion	equation	for	
Rossby	waves	is	the	purpose	of	this	work.

2. Data used

For	this	work,	we	used	several	types	of	data:
GLORYS12v1,	product	is	available	on	Copernicus	Marine	Environment	Monitoring	Service	(CMEMS)	portal	

at	http://marine.copernicus.eu.	It	is	a	vortex-resolving	reanalysis	based	on	the	NEMO	hydrodynamic	model	of	the	
ocean	and	the	ERA-Interim	atmospheric	reanalysis.	The	values	of	temperature,	salinity,	current	components,	level	
anomalies	are	distributed	on	a	regular	grid	on	50	horizons.	The	spatial	resolution	of	the	data	is	1/12°.	The	indisput-
able	advantage	of	GLORYS	is	data	assimilation,	which	assimilates	all	available	contact	measurements	(data	of	tem-
perature	and	salinity	profiles	from	the	CMEMS	CORAv4.1	database	since	2005),	and	remote	sensing	data	(surface	
temperatures	using	the	AVHRR	radiometer,	sea	level	from	all	altimeters,	etc.).	Observations	are	assimilated	using	a	
reduced-order	Kalman	filter.	ERA-interim	atmospheric	reanalysis	is	used	as	forcing.	The	initial	conditions	for	tem-
perature	and	salinity	were	set	from	EN.4.2.0.	Hadley	center	for	1991.	For	this	study,	we	used	the	zonal	component	of	
the	flow	velocity	data	for	the	period	01–31.11.2018.
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We	used	the	data	of	the	bathymetric	product	GEBCO_2020,	developed	within	the	framework	of	The	General	
Bathymetric	Chart	of	the	Oceans	(GEBCO)	project	(https://www.gebco.net/).	This	data	provides	global	coverage	on	
a	grid	with	a	spatial	resolution	of	1/250°	in	latitude	and	longitude.

3. Results

3.1. Some theoretical aspects

Rossby	waves	are	gradient	vortex	waves	[30],	which	means	that	their	propagation	is	driven	by	the	potential	vor-
ticity	gradient,	for	which	the	conservation	law	is:

	 0,hd f
dt H

ζ +  = 
 

		 (1)

where	 ,hd
U V

dt t x y
∂ ∂ ∂

= + +
∂ ∂ ∂

	x	and	y	are	zonal	and	meridian	variables	of	a	rectangular	coordinate	system,	in	which	

the	abscissa	axis	is	directed	to	the	east,	and	the	ordinate	axis	is	to	the	north,	t is	time,	 x yV U′ ′ζ = − 	is	relative	vorticity,	
U	and	V	are	zonal	and	meridional	current	velocity	components,	f	is	planetary	vorticity	(Coriolis	parameter),	H	is	the	
ocean	depth.	On	the	continental	shelf,	a	potential	vorticity	gradient	arises	as	a	consequence	of	an	increase	in	water	
depth	in	a	direction	perpendicular	to	large-scale	topographic	irregularities.	We	accept	the	notation	used	in	the	mono-
graph	by	LeBlond	&	Mysak	[2]	and	assume	that	the	depth	increases	from	the	ocean	surface	towards	the	bottom.

With	the	mass	stream	function:
HU	=	–Yy,	HV	=	Yx,

 .yx
x y

x y

V U
H H

Y Y 
ζ = − = +        

 (2)

Then	equation	(1)	takes	the	form

	 1 0.y yx x

x y

f
t H x H y H H H

  Y Y   Y Y ∂ ∂ ∂   − + + + =        ∂ ∂ ∂        
	 (3)

Next,	we	apply	the	standard	linearization	procedure	against	the	background	of	a	stationary	zonal	flow

	 ( , , ) ( ) ( , , ),sx y t y x y tY = Y + ε Y 	 1,ε << 	 (4)

where	
( )( )

( )
s yy

U y
H

Y
= −

	
is	background	zonal	current	with	variable	topography,	changes	of	which	occur	from	north	

to	south:	H	=	H(y),	а  ( , , )x y tY 	are	perturbations.

The	equation	for	linear	perturbations	takes	the	form:

	 2 * 0,y
h y x

H
U

t x H
 ∂ ∂ + ∇ Y − Y + Y b =  ∂ ∂   

 	 (5)

Where	the	role	of	b	is	fulfulled	by	b*,	the	so-called	“effective	b”:

	 * .y y y
yy

f H U H
U

H H
b = b − − + 	 (6)

Then,	for	zonal	wave	perturbations	of	the	form	 ( , , ) ( ) exp( ( )),x y t y i k x c tY = Y −  	where	k	is	zonal	wavenumber,	c	is	
phase	velocity	of	waves,	we	obtain	a	one-dimensional	differential	linear	equation:

	 ( ) 2 * 0.y
yy y

H
U c k

H
 

− Y − Y − Y + b Y = 
 

  	 (7)

Further,	with	the	standard	replacementй	 ,HY = j 	we	eliminate	the	first	derivative:

	 ( )
2

2 *1 1 0.
4 2

y y
yy

y

H H
U c k

H H

       − j − + − j + b j =             

	 (8)
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Further,	we	assume	that	the	model	parameters	change	slowly	in	the	transverse	direction.	Then,	in	the	standard	
WKB	approximation,	setting	j	~	exp(ily),	where	l is	meridional	wavenumber,	taking	into	account	the	first	Rhines	
approximation,	we	obtain	the	following	dispersion	relation	for	the	phase	velocity:

	 2 2* .

y y y
yy

f H H U
U

H H
c U

k k l

 
− b − − + 

ω  = = +
+

	 (9)

Dispersion	expression	(9)	describes	the	propagation	of	barotropic	Rossby	waves	with	allowance	for	large-scale	
changes	in	depth	H	and	in	the	presence	of	a	zonal	jet	stream	with	a	velocity	U.	Its	novelty	lies	in	the	appearance	of	a	
new,	additional	fourth	term	in	the	numerator	of	the	fraction.

Let	us	analyze	the	relative	contribution	of	each	term	in	the	expression	for	b*.	Note,	that	the	first term	b	and	the	

second	 yyU ′′ 	enter	the	expression	for	b*	with	different	signs.	Effect	of	the third term	in	the	numerator	 yf H

H
	can	be	

defined	as	follows:	for	a	zonal	ridge	from	its	northern	and	southern	sides,	the	ocean	depth	increases	in	the	direction	
from	its	top.	This	means	that	on	the	north	side	of	the	ridge	Hy	<	0	

(depth	increases	with	decreasing	y),	and	on	the	

south	side,	on	the	contrary,	Hy	>	0.	Since	for	the	southern	hemisphere	f	<	0,	then	on	the	north	side	 0,yf H

H
 

− >  
 

	that	

is,	the	third	term	(taking	into	account	the	minus)	enhances	b-effect,	and	vice	versa,	reduces	it	from	the	south	side.	
This	 is	consistent	with	[2],	 that	 in	 the	southern	hemisphere,	on	the	northern	side	of	 the	ridge,	with	a	meridional	
change	in	depth,	topography	enhances	the	b-effect,	and	the	wave	phase	receives	an	additional	western	component,	
and,	conversely,	the	topography	weakens	the	b-effect	from	the	southern	side	of	the	ridge,	where	the	phase	of	the	
waves	receives	an	eastern	component.	Input	of	the fourth term	in	the	expression	for	b*	depends	on	the	shape	and	lo-
cation	of	the	jet	relative	to	the	ridge.

To	compare	numerically	the	estimates	of	the	contribution	of	the	terms	in	expression	(6)	for	b*,	consider	various	
options	for	their	parameterization.

3.2. Zonal flow

For	the	zonal	flow	U,	we	use	the	GLORYS12v1	reanalysis	data,	where	both	satellite	and	in situ	data	are	assimi-
lated	(see	Section	2).	Fig.	1	shows	the	velocity	field	constructed	with	GLORYS12v1	data	for	the	ACC	region,	as	well	
as	the	spatial	distributions	of	the	first	and	second	meridional	derivatives	that	are	used	in	the	expression	for	b*	(see	
Inset).	Note	that	fig.	1,	a	shows	both	positive	and	negative	zonal	velocities.	In	fact,	the	ACC,	like	any	ocean	current,	
meanders	significantly.	The	formation	of	meanders	leads	to	a	change	in	the	velocity	vectors’	directions	and	the	pres-
ence	of	components	with	opposite	signs.	With	a	significant	temporal	and	spatial	averaging,	this	factor	of	variability	is	
insignificant	or	completely	leveled	out.	In	fig.	1,	a,	the	band	where	the	averaged	zonal	velocities	are	most	intense	(>	
40	cm/s)	is	located	in	the	latitude	range	from	42°	to	54°S.	Also,	the	signs	are	opposing	for	the	magnitudes	of	the	first	
derivative	 yU ′ 	in	fig.	1,	b	and	the	second	derivative	Uyy	of	the	velocity	in	fig.	1,	c.

In this paper, we evaluate jointly the relative influence of three factors: b-effect, currents and topography. For this 
purpose, we will consider two models of the bottom topography, given by simple analytical functions that approximate 
the zonal ridge.

3.3. Bottom relief

3.3.1. Zonal oriented endless ridge with exponential slopes

An	example	of	a	ridge	profile	is	shown	in	fig.	2.	The	bottom	relief	contains	a	ridge	elongated	zonally	along	50°S.	
The	meridional	depth	gradients	are	the	same	on	both	sides	of	the	ridge.	This	topography	option	can	be	approximated	
by	the	following	formula:

	
2 1

2 1

50exp , 50 40 ,
( )

50exp , 60 50 ,

y
H H y

l
H y

y
H H y

l

 + − − − ° ≤ < − °    = 
+  − − ° ≤ < − °   

	 (10)

where	H1	is	maximum	height	of	the	ridge	relative	to	the	bottom,	H2	is	the	ocean	depth.
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To	obtain	 the	 estimates,	we	 considered	 two	 variants	 of	 the	 exponential	 profile,	when	 the	 ridge	 “width”	was	
2220	km	(20°	along	the	meridian)	and	555	km	(5°),	and	for	each	of	them,	there	were	also	two	variants	of	the	mini-
mum	depth	above	the	ridge	top	(H2	–	H1),	500	and	1000	m	(fig.	2,	b),	that	is,	in	total	four	models	of	ridges.	The	func-
tions’	parameters	(model	1,	fig.	2,	b)	followed	the	condition	that	the	depth	reaches	4300	m	at	a	distance	of	1110	km	
from	the	summit.	In	model	2,	the	depth	above	the	ridge	top	was	1000	m,	and	in	models	3	and	4,	the	same	500	and	
1000	m,	but	here	we	study	abrupt	depth	increase	in	the	direction	away	from	the	ridge	top,	i.	e.,	the	depth	becomes	
equal	to	4300	m	at	a	distance	of	277.5	km	(2.5°).	For	the	open	ocean,	the	typical	bottom	slopes	are	10–3–10–1.	In	our	
examples	(fig.	2),	the	slopes	range	from	0.9	×	10–2	до	2.7	×	10–2.

Contribution	estimates	of	various	terms	in	the	expression	for	b*	are	presented	in	table	1	(terms	are	numbered).	

According	to	the	table,	the	largest	contribution	to	b*	is	from	topography,	which	is	the	third	term:	 .yf H

H
	In	the	vicin-

ity	of	the	ridge	top,	for	all	considered	exponential	relief	forms,	the	third	term	exceeded	the	values	of	all	the	others	
more	than	by	order	of	magnitude.	Consequently,	it	is	the	topography	that	contributes	the	most	to	the	phase	velocity	
of	Rossby	waves,	increasing	β-effect	in	the	southern	hemisphere	to	the	north	of	the	ridge	and	weakening	it	to	the	
south,	as	shown	in	section	3.1.	According	to	the	table,	relative	input	of	other	terms	is	inferior	to	the	contribution	of	
the	third	term	for	all	studied	exponential	relief	profiles	(fig.	2,	see	Inset).

3.3.2. Zonal oriented endless ridge with Gaussian slopes

Fig.	3	shows	the	vertical	relief	profiles	in	the	form	of	a	Gaussian:

	
2

2 1 2
( 50)( ) exp , 60 40 .y

H y H H y
  += − − − ° ≤ ≤ − °   σ  

	 (11)

Table 1

Estimation of the components of the dispersion equation (10)  
for models 1–4 (values are normalized to 10–11 m–1s–1)

Latitudes,	°S
b Uyy

yf H
H

y yH U
H

(1) (2) (3) (4)
Model	1,	H2	—	H1	=	500	m,	l	=	370.5	km

40 1.8 –2.8 –1.2 0.004
45 1.6 4.8 –6.9 –0.06
49.5 1.5 4.7 –97.0 –1.2
55 1.3 0.7 8.0 –0.06
60 1.1 1.1 1.6 0.003

Model	2,	H2	—	H1	=	1000	m,	l	=	387.8	km
40 1.8 –2.8 –1.2 0.003
45 1.6 4.8 –6.0 –0.05
49.5 1.5 4.7 –59.0 –0.74
55 1.3 0.7 7.0 –0.06
60 1.1 1.1 1.6 0.003

Model	3,	H2	—	H1	=	500	m,	l	=	92.6	km
47.5 1.5 –2.2 –6.3 –0.05
48 1.5 –2.1 –10.4 0.12
49.5 1.5 4.7 –115.0 –1.44
51 1.4 –7.3 45.4 –0.95
52.5 1.4 –6.7 6.8 0.07

Model	4,	H2	—	H1	=	1000	m,	l	=	97.0	km
47.5 1.5 –2.2 –6.0 –0.05
48 1.5 –2.1 –9.6 0.11
49.5 1.5 4.7 –90.0 –1.13
51 1.4 –7.3 39.0 –0.82
52.5 1.4 –6.7 6.4 0.06
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Table 2

Estimation of the components of the dispersion equation (10) for models 5–8  
(values are normalized to 10–11 m–1s–1)

Latitudes,	°S
β Uyy

yf H
H

y yH U
H

(1) (2) (3) (4)
Model	5,	H2	—	H1	=	500	m,	σ	=	641	km

40 1.8 –2.8 –2.5 0.008
45 1.6 4.8 –20.0 –0.17
49.5 1.5 4.7 –22.0 –0.28
55 1.3 0.7 23.0 –0.19
60 1.1 1.1 3.4 0.006

Model	6,	H2	—	H1	=	1000	m,	σ	=	457	km
40 1.8 –2.8 –2.4 0.007
45 1.6 4.8 –16.0 –0.14
49,5 1.5 4.7 –9.6 –0.12
55 1.3 0.7 19.0 –0.16
60 1.1 1.1 3.2 0.005

Model	7,	H2	—	H1	=	500	m,	σ	=	160	km
47.5 1.5 –2.2 –14.8 –0.11
48 1.5 –2.1 –28.3 0.32
49.5 1.5 4.7 –173.4 –2.16
51 1.4 –7.3 117.2 –2.46
52.5 1.4 –6.7 14.9 0.15

Model	8,	H2	—	H1	=	1000	m,	σ	=	164	km
47.5 1.5 –2.2 –13.0 –0.1
48 1.5 –2.1 –25.5 0.29
49.5 1.5 4.7 –100.7 –1.25
51 1.4 –7.3 88.6 –1.86
52.5 1.4 –6.7 14.0 0.14

In	models	5–8	(fig.	3,	see	Inset),	we	set	the	relief	parameters	in	the	same	way	as	in	models	1–4.	A	comparative	
analysis	of	the	terms	for	this	ridge	approximation	showed	that	the	contribution	of	the	third	term	to	b*

	is	dominant,	
i.	e.,	from	the	north	of	the	ridge,	the	topography	increases	the	β-effect,	and	from	the	south,	vice	versa.	The	results	are	
shown	in	table	2.

Fig.	1,	c	and	tables	1	and	2	show	that	the	values	Uyy	locally	may	exceed	β.	This	means	that	in	the	studied	water	
area,	the	current	shift	is	comparable	to	the	β-effect	and	can	overpower	its	influence,	so	that	the	phase	of	the	waves	can	
change	to	the	opposite	and,	consequently,	the	waves	will	propagate	to	the	east.	The	authors	previously	considered	this	
effect	in	the	ACC	region	and	compared	the	contribution	of	the	β-effect	and	shear	current	to	wave	propagation	[10]	
with	the	current	velocities	calculated	from	altimetry	data.

It	can	also	be	seen	from	tables	1	and	2	that,	for	flat	slopes,	the	meridional	shear	gradient	of	the	zonal	current	can	
overpower	the	topography	contribution	locally.	However,	in	general,	the	contribution	of	topography	(the	third	term)	
is	dominant	for	the	zonal	ocean	ridge.

3.3.3. Parametrization of a Shear Flow and Corresponding Estimation of Its Contribution

Section	3.2	shows	the	estimates	of	the	flow	calculated	from	the	reanalysis	data.	Let	us	consider	the	combined	
effect	of	zonal	jet	flow	and	topography	based	on	simple	flow	models	in	the	form	of	analytical	functions.

Let	the	current	be	directed	to	the	east	and	the	profile	of	its	velocity	is	described	by	a	parabola	with	a	top	at	50°S	
with	a	decrease	to	the	north	and	south	of	the	main	stream,	so	that	at	40°S	and	60ºS	the	flow	velocity	is	zero:

( )( )22

0 2

10 50
,

10

y
U U

− +
= 	 variable	 y	 varies	 from	 40°S	 up	 to	 60°S.	 Let	 the	 amplitude	 U0	 =	 1	 m/s.	 Therefore,	

( )( ) 4
0

2 50
10

111.2y

y
U U −− +

= ⋅ 	(с–1)	and	Uyy	=	–1.62·10–12	(m–1s–1).	Let	us	consider	another	parameterization	of	the	
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shear	flow:	now	let	the	eastward	flow	be	approximated	by	the	Gaussian	
( )2

0 2exp ,
2

y b
U U

a

 − = −
 
 

	where	U0	=	1	m/s,	b	

is	 the	 center	 of	 the	 velocity	 of	 the	 background	 flow,	 a	 is	 the	 jet	 width,	 y	 =	 b	 ±	 a	 is	 the	 inflection	 point.	 So	

( ) ( )2
02 2exp ,

2y
y b y b

U U
a a

 − − = − −
 
  	

and	
( ) ( )2 22

04 2exp .
2yy

y b a y b
U U

a a

 − − − = −
 
 

	 Let	 b	 =	–50°,	a	 =	–2°.	With	 a	 jet	

width	 of	 2	 meridian	 degrees	 (222	 km)	 on	 the	 streamline	 (maximum	 speed)	 at	 y	 =	 –50°,	 we	 get:	 2
1

yyU
a

= − = 	

112.02 1 00 ,−= ⋅− < 	that	is,	the	flow	again	increases	the	influence	b-effect.
Apparently,	real	fluxes	cannot	be	adequately	approximated	by	the	presented	functions,	since	it	is	impossible	to	

account	for	numerous	factors,	temporal	variability,	barotropic	and	baroclinic	instability,	the	occurrence	of	meanders,	
and	many	other	effects	that	exist	in	nature.	However,	the	following	is	obvious:	the	contribution	of	the	shear	current	
to	the	propagation	of	Rossby	waves	may	differ	for	the	same	water	area,	both	strengthening,	weakening,	or	even	sup-
pression	of	the	b-effect	can	occur	in	the	same	region,	and	this	essentially	depends	on	the	shape	of	the	jet,	that	is,	on	
the	sign	of	Uyy.

Fig.	1	uses	GLORYS12v1	data	and	 shows	 that	 the	values	Uyy.	 can	be	both	negative	and	positive	 in	 the	ACC	
region.	In	the	latter	case,	the	shear	flow	is	opposed	to	the	b-effect	and,	as	can	be	seen	from	tables	1	and	2,	in	many	
cases,	the	flow	prevails	and	overpowers	the	b-effect.	We	discovered	this	feature	earlier	when	analyzing	altimetry	data	
in	the	ACC	region	[10].

A	new	approximation	can	be	formulated	(by analogy	with	the	Rhines	approximation	[31]),	as	the	key	outcome	of	
the	comparison.	Since	the	ratio	of	the	fourth	column	of	the	table	to	the	third	is	the	Rossby	number,	this	approxima-
tion	appears	to	read:	for	small	Rossby	numbers,	the	last	term	in	the	dispersion	relation	can	be	neglected.

3.3.4. Verification

The	question	arises:	to	what	extent	are	the	obtained	estimates	applicable	to	the	real	ocean?	Let	us	consider	the	wa-
ter	area	located	above	the	Australian-Antarctic	ridge	within	the	boundaries,	which	in	terms	of	parameters	satisfies	our	
models	well	(fig.	4,	a;	see	Inset).	Another	example	is	the	zoned	South	Scotia	Ridge	(fig.	5,	a;	see	Inset).	In	some	areas	
of	these	ridges,	the	considered	analytical	models	approximate	the	relief	well.	Slopes	Hy/H	vary	in	the	range	2.70	×		
×	10–2	÷ 1.8	×	10–1	m–1,	so	that	the	contribution	of	the	third	term	to	the	expression	for	b*	is	equal	3.2	×	10–6	÷	2.3	×		
×	10–5	s–1	m–1.

There	are	several	jets	of	ACC	in	the	band	of	latitudes	from	40°	to	60°S.	We	considered	the	zonal	component	of	
the	current	and	its	two	derivatives	for	the	studied	ware	areas,	calculated	with	the	GLORYS12v1	product.	Fig.	4	(b–d)	
and	5	(b–d)	show	that	zonal	velocities	in	water	areas	can	reach	50	cm/s	for	the	Australian-Antarctic	ridge	and	30	cm/s	
for	the	South	Scotia	Ridge.	Apparently,	both	positive	and	negative	flow	rates	are	present.	Comparison	of	the	second	

term	in	the	tables	Uyy	with	the	values	of	the	third	as	
yf H

H
	shows	that	for	the	analyzed	water	areas	the	topographic	

factor	prevails.

4. Conclusions and discussion

In	this	work,	we	offer	a	generalized	dispersion	relation	for	linear	Rossby	waves	on	a	zonal	jet	stream	taking	into	
account	the	influence	of	bottom	topography	and	shear	zonal	flow.	We	introduce	an	additional	term	into	the	disper-
sion	relation	to	represent	the	combined	effect	of	topography	and	meridional	variability	of	the	background	flow.	The	
effects	of	the	differential	rotation	of	the	Earth,	topography,	and	shear	flow	on	Rossby	waves	are	studied.	We	obtained	
the	estimates	for	model	zonal	ridges	with	the	GLORYS12v1	product	current	velocities	for	the	area	limited	to	40–
60°S,	80–120°E.	There	is	the	Australian-Antarctic	ridge,	and	several	ACC	jets	are	located	in	the	area.	We	studied	a	
zonally	oriented	ridge	as	a	model	topographic	structure,	the	topography	of	which	is	approximated	by	an	exponent	or	
a	Gaussian	with	two	different	parameters.

The	main	results	of	the	work	are	as	follows.	When	the	Earth’s	rotation,	topography	variability,	and	background	

current	are	taken	into	account	together,	an	additional	term	 ,y yU H

H
	appears	in	the	dispersion	relation,	which	appear	

to	be	insignificant.	Its	ratio	to	the	term	responsible	for	the	change	in	topography	is	the	Rossby	number.	Thus,	it	is	
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possible	to	introduce	a	new	approximation	into	scientific	circulation	as	follows:	at	low	Rossby	numbers	in	the	disper-
sion	relation,	the	additional	term	corresponding	to	the	combined	effect	of	topography	and	the	meridional	variability	
of	the	background	flow	is	insignificant.

It	is	shown	that,	locally,	the	contribution	of	the	shear	flow	can	overpower	the	effect	of	the	b-parameter.	Qualita-
tive	and	quantitative	estimates	obtained	earlier	from	altimetry	indicate	a	similar	result	(see	[10]).	Also,	a	comparison	
of	the	contributions	of	topography	and	flow	shows	that	the	topographic	factor	prevails	in	the	given	problem	state-
ment.	In	this	case,	depending	on	the	location	and	shape	of	the	jet,	the	flow	can	both	weaken	and	enhance	the	b-effect.	
However,	the	topographic	factor	in	the	dispersion	equation	is	the	main	one.	Thus,	on	the	northern	side	of	the	zonal	
ridge	located	in	the	southern	hemisphere,	topography	enhances	the	b-effect,	and	on	the	southern	side,	it	weakens.

Thus,	in	the	dispersion	relation,	rotation	and	topography	compete,	on	the	one	hand,	and	the	velocity	gradient	

and	topography,	on	the	other.	A	new	player	appears	in	our	problem	statement:	 ,y yH U

H
	and	it	shifts	everything	in	the	

direction	of	rotation.	This	means	that	topography	and	rotation	always	dominate.	In	other	words,	even	for	such	strong	
jet	currents	as	ACC,	the	combined	effect	of	topography	and	meridional	variability	of	the	background	current	is	much	
inferior	to	the	combined	effect	of	differential	Earth	rotation	and	topography.	So,	an	attempt	to	take	into	account	an	
additional	factor	in	the	form	of	the	joint	influence	of	the	variability	of	the	flow	and	topography	is	rather	fruitless,	and,	

therefore,	the	isolines	of	the	traditional	ratio	 f
H
	work	quite	well	in	various	parts	of	the	ocean.

The	analysis	performed	allows	us	to	formulate	a	new	approximation,	by	analogy	with	the	Rhines	approximation	
[31]:	at	low	Rossby	numbers,	the	last	term	in	the	dispersion	relation	reflecting	the	combined	effect	of	topography	and	
meridional	variability	of	the	background	flow	is	insignificant.
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a)

b)

c)

Fig. 1. Mean zonal flow velocities U (m / s) 
based on the GLORYS12v1 data (a),  

Uy (s–1) (b) and Uyy (m–1s–1) (c).  
Averaging over the period 01–31.11.2018.



a)

b)

Fig. 2. Examples of the exponential relief profiles (10), for a ridge along 50°S with a depth above the ridge 
H2 – H1 = 500 m (model 1, l = 370.5 km). The vertical axis shows negative values for depth (m) (a). Vertical 

topography profiles on the models 1–4 (b).
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a)

b)

Fig. 3. Examples of the topography profiles (11), for a ridge along 50°S with a depth above the ridge  
H2 – H1 = 500 m (a). Vertical topography profiles for the models 5–8 (b).
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a)

b)

c)

Fig. 4. Bottom topography accord-
ing to GEBCO for part of the Aus-
tralian–Antarctic Discordance (a); 
mean zonal flow velocities U (m/ s) 
based on the GLORYS12v1 data (b), 
Uy (s–1) (c) and Uyy (m–1s–1) (d). The 
abscissa axis shows longitudes, and 
the ordinate axis shows latitudes. 
The averaging is over the period  

01–31.11.2018.
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