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The coupled wind-wave model is considered. The model includes two components: the 1-D wave boundary layer model and 
the 2-D wave model. The coupled model is used in two versions: in the presence and the absence of the wave produced momen-
tum flux. A series of experiments was performed for different external parameters: wind speed at the upper boundary of the wave 
boundary layer and the inverse wave age. The vertical profiles of wind velocity, turbulent and wave produced momentum fluxes 
were studied and compared to the results obtained from the wave boundary layer model. The comparison showed that the results 
of coupled modeling coincide exactly with the results from the wave boundary layer model in the case of fully developed waves and 
differ significantly if developing waves are considered. It is demonstrated that wave produced momentum flux produces consider-
able deviations of the wind velocity profile in the lower part of the wave boundary layer from the logarithmic profile.
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Сформулирована и реализована совместная модель волнового пограничного слоя и волн, объединяющая разра-
ботанные ранее соответствующие модели. Совместная модель использовалась в двух вариантах: с учетом и без учета 
волнового потока импульса. Проведены серии экспериментов с широким диапазоном изменения входных параметров 
(скорость ветра на верхней границе волнового пограничного слоя и обратный возраст волны) и рассчитаны значения 
метеорологических характеристик: скорости ветра, волнового и турбулентного потоков импульса в волновом погра-
ничном слое. Полученные результаты проанализированы с целью продемонстрировать необходимость учета волнового 
потока импульса в моделях волнового пограничного слоя, а также показать особенности результатов совместного мо-
делирования для описания волнового пограничного слоя. Показано, что результаты совместного моделирования для 
указанных метеорологических характеристик значительным образом отличаются от результатов, полученных по моде-
ли волнового пограничного слоя, для развитого и слаборазвитого волнения. Учет волнового потока импульса приводит 
к заметным отклонениям профиля скорости ветра в нижней части волнового пограничного слоя от логарифмического, 
применимого при описании атмосферного пограничного слоя.

Ключевые слова: волновой пограничный слой, ветровые волны, волновой поток импульса, волновой спектр, взаимо-
действие океана и атмосферы

1. Introduction

The theory of the boundary layer was developed in detail in the work of S.S. Zilitinkevich [1]. This paper presents 
the results of a study of the lower part of the atmospheric boundary layer above the sea. The wave boundary layer (fur-
ther referred to as ‘WBL’) is an integral element of the planetary boundary layer in which an exchange of momentum 
between the atmosphere and the ocean is formed.

An understanding of the wind-waves interactions is important for many applications: wave forecasting models, 
weather forecasting, and climate modeling. Specifics of boundary layer above seа is a presence of the wave-induced 
velocity and pressure fields. The wave boundary layer is considered as the lowest part of the atmospheric boundary 
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layer with thickness of several meters, where fluctuations caused by waves are clearly pronounced [2]. The height 
of WBL is the order of significant wave height. The motion within the WBL is affected by the surface waves, which 
means its structure depends on the characteristics of the wave field. Since the WBL forms wave stress, its structure in-
fluences the dynamics of the entire atmospheric boundary layer. The stress is composed of two main components: the 
turbulent momentum flux and the wave produced momentum flux (WPMF), which transfers energy and momentum 
to waves [3, 4]. The stationary structure of the wave boundary layer is defined by wind velocity (or horizontal stress) at 
upper level and by spectral shape of wind waves. Hence the WBL and wave field form the closely connected dynamic 
system, which should be considered as a single object for modeling.

The two-dimensional coupled model of the wave boundary layer and potential waves is described in [5]. The 
airflow is described with Reynolds equation with parameterized turbulence. The waves are simulated by conformal 
model [6]. The air and wave components of the model were coupled at each time step by transferring the surface 
pressure obtained in the WBL model to the wave model; the shape of the surface and the components of the surface 
velocity, obtained in the wave model in the WBL model. Last version of the coupled model [7] is capable of introduc-
ing an explicit description of the physics of the wind–wave interactions in the wave forecasting models.

The present work continues the studies of the wave boundary layer and the wind waves interactions by coupling 
with one-dimensional WBL model. 2-D WBL model is much more detailed than 1-D model, but 2-D computations 
take considerable computer resources. That is why 2-D WBL model can be used for investigation of the WBL physics 
but not for wave forecasting of coupled ocean-atmosphere models. The main advantage of 1-D model is sharp accel-
eration of computations. Thus, such model can be implemented in wave forecasting models in the future.

2. The one-dimensional wave boundary layer model

The one-dimensional WBL model presented in [8, 9] is intended to describe the structure and evolution of the 
wave boundary layer and for use in ocean–atmosphere coupled models. The equations of the one-dimensional WBL 
model were obtained in [7] by averaging the two-dimensional Reynolds equations of motion written in the conformal 
coordinate system along the horizontal coordinate lines:

,w
u uK
t z z

∂ ∂ ∂ = + t ∂ ∂ ∂ 
  (1)

,e eK P
t z z

∂ ∂ ∂
= + − e

∂ ∂ ∂
 (2)

where u is the horizontal component of the velocity, τw is the wave induced momentum flux, e is the turbulence ki-
netic energy, ε is the dissipation rate:
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where C1 = 3.7; κ is a von Karman constant.
K is a turbulent coefficient:

1/ ,K z e C= κ (4)

P is a rate of turbulent energy production:

.w
u uP
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∂ ∂ = + t ∂ ∂ 
K   (5)

The Eqs. (1, 2, 5) differ from routine boundary layer equation by presence of effects connected with wave-pro-
duced momentum flux tw (WPMF). The equations are approximated on a non-uniform grid 1 ,i z iz z+D = g D  where  
γz = 1.10 is the stretching coefficient. The domain height is equal to 10 meters with the number of vertical levels L = 50.

As shown in [7], the averaged profiles of the spectral components of the WPMF considerably depend on the 
wavenumber k. Normalizing each profile by its surface values of 

0

k
wt and introducing the non-dimensional wave 

height kz, the profiles converge and k
wt can be described as follows

0 exp( ),k k
w w Gkzt = t  (6)

where G is the weak function of pw = W W

0.810.985 0.4( ) ,G = + w   (7)
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where Wp is the non-dimensional frequency in the spectral peak, W is the non-dimensional frequency, calculated by 
the formula

Wk = wkU(λk/2)/g, (8)

where wk = |gk|1/2, U is wind speed at the height λk/2.
The Fourier component of the WPMF on the surface 0

k
wt  is defined through the following expression

0 ( ) ( ),k
kw kkg S k−t = β W (9)

where β is the imaginary part of beta function, S is the one-dimensional wave spectrum.
Thus, the WPMF profile tw(m2/s2), included in equations (1) and (5), is calculated by the relation [7]:
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where M is the wave number.
Approximation of the imaginary part of β-function is obtained from [9]:
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where a0 = 0.02277, a1 = 0.09476, β0 = –0.02, W0 = 0.58.
Equation (10) assumes that WPMF is a linear composition of fluxes produced by wave modes which surface val-

ues are calculated with a use of β-function. Each spectral component of WPMF decreases with height exponentially. 
To compute the energy input at each interval Dwi, it is necessary to calculate the wind speed at a height equal to half 
of the wavelength l/2. Such multiple calculations take a lot of computer time. This problem is solved by introducing 
the approximation of wind speed profile using the cubic spline interpolation. The spline coefficients were calculated 
based on the tridiagonal matrix method. After that the wind velocity at reference levels is calculated analytically with 
no use of interpolation procedure.

For equation (1), the wind speed U10 is set at the upper boundary. The surface stress is assigned in a form

2
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where the near-wall value of the friction velocity v0* is calculated by the formula:
1
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Where z00 is a roughness parameter calculated by the formula from [10]
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where v* is friction velocity, h is the viscosity coefficient (1.5·10–5 m2/s). Scheme (12)–(14) assumes the vertical res-
olution in a vicinity of surface is so high that lower level falls in viscous sublayer. For equation (2), the upper value of 
the turbulence energy e is equal to:

2
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The diffusion of turbulent energy at wave surface is equal to zero:

0
0.e

z

deK
dz =

  = 
 

  (17)

The initial conditions are the profiles of wind speed U(z), turbulence energy e(z), and dissipation rate e(z):
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3. The wave model equations

The process of wave dynamics is reproduced using the one-dimensional nonlinear model [6], which includes 
parametrizations for energy input and wave breaking and allows to consider nonlinear effects on the time scales much 
longer than the wave period. Periodic one-dimensional waves are considered. The principal equations for waves writ-
ten in Cartesian coordinates, are Laplace equation for the velocity potential Ф

Фxx + Фzz = 0 (19)

the kinematic condition at free surface z = h(x, t)

ht + hxФx — Фz = 0 (20)

and the Lagrange integral

( )2 2
0

1 0,
2 x ztF + F + F + + =h p   (21)

where p0 is the surface pressure.
The equations are solved in the domain

–∞ < x < ∞ –H < z < h(x, t).   (22)

Since numerical integration of system (19)–(21) is computationally inefficient, to make a numerical solution 
feasible, the surface-following coordinate system is introduced. The use of such coordinates allows simplifications in 
the formulation of the numerical scheme. The new coordinate system maps the domain (22) onto the strip

–∞ < x < ∞ –H < x < 0 (23)

with periodicity condition

x(x, ζ, t) = x(x + 2p, ζ, t) + 2p,   (24)

z(x, ζ, t) = z(x + 2p, ζ, t),  (25)

where t is the new time coordinate.
Conformal mapping, due to periodicity condition (24)–(25), can be represented as:
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Due to conformal mapping, Laplace equation retains its shape and can be solved analytically. The system (19)–
(21) is written in the new coordinates as

Фxx + ФVV = 0,  (28)

,z x zt x t x t= x + V  (29)

and the Lagrange integral

( )1 2 2
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2
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where J is the Jacobian of mapping:
2 2 2 2.J x z x zx x ζ ζ= + = +  (31)

The boundary condition requires attenuation of the vertical velocity at depth:

Ô ( , , ) 0.ζ x ζ → ∞ t =   (32)

The Laplace equation (28) along with (32) is solved through the Fourier expansion, which reduces (28)–(30) to 
a 1-D problem:

( )exp( ) ( ),k k
M k M

k
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where φk are the Fourier coefficients of the surface potential Ф(x, ζ = 0, t), ϑk are the basic functions:

cos , 0
( ) .

sin 0,k
k k
k k

x ≥
ϑ x =  x <

  (34)

The wind–waves energy and momentum exchange occurs due to the dynamic surface pressure p0, which is in-
cluded in equation (30). According to linear theory [11], the Fourier components of the surface pressure p0 are related 
to the components of the surface elevation by the following expression:

( )( ), , , , , , ,k l k l k l k l k l k lp ip i h ih− − − − − −+ = β + β +   (35)

where βk and β–k are real and imaginary parts of β-function.
Equations of the wave model, as well as equations for the WBL, are written in a non-dimensional form with 

the following scales: length L and time T = L1/2g–1/2 (g is the gravity acceleration). Equations (28)–(31) constitute 
a closed system of predictive equations for surface functions z(x, ζ = 0, t) = h(x, t) и F(x, ζ = 0, t), which can be 
solved using the Fourier transformation.

4. Coupling of the wave model with the model of the wave boundary layer

The coupled model allows to directly connect the dynamics of the boundary layer with the wave spectrum. The 
wave spectrum in the WBL model is set as the initial conditions, has a smoother idealized shape, does not evolve in 
the course of the calculations, and differs significantly from the spectrum simulated by the wave model that is closer 
to the real spectrum. The main difference is that simulated waves obtain the nonlinear features: the wave crests are 
sharper and troughs are smoother than in the initially assigned field.

The coupling process is reduced to a two-way exchange of fields between the models, which makes it possible to con-
sider the mutual influence of wind waves and the atmosphere r. Thus, both models are integrated simultaneously, exchang-
ing matching information: the wave model provides the WBL model with wave spectrum, which is subsequently used to 
calculate the WPMF produced by the waves (10). The development of the wave field occurs under the influence of energy 
input, dissipation, and nonlinear interaction between wind and waves. In this case, as noted earlier, energy input is carried 
out due to changes in the surface pressure. The use of the approximation for β̶ function (11) and the wind speed profile 
calculated in the WBL model allows obtaining the values of the surface pressure determined by equation (30).

5. Calculations and results

The wave spectrum is approximated with the number of modes M = 2048 and the number of grid nodes N = 8192. 
The experiments were performed for the values of the inverse wave age Wn = {0.855, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and the 
wind speed at the upper boundary of the WBL U10 = {10, 20, 30} m/s. The non-dimensional wind speed at the upper 
boundary is determined by the ratio:
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Fig. 1. The wave spectrum obtained by the WBL model (solid line) and the wave model (dashed line) 
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,n
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where kp = 50 is the peak wave number.
The time step Dt is equal to 0.0025. The length scale L = U10/Un is determined from the calculated non-dimensional 

wind speed and the given value of the dimensional wind speed. The wave spectrum for each group of experiments is 
assigned by the JONSWAP spectrum [12]:
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21exp .

2
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Тhree versions of the model are considered: 1) one-dimensional model of the wave boundary layer; 2) coupled 
model including the WPMF (taking into account the deviation of the wind profile from the logarithmic profile);  
3) coupled model not taking into account the WPMF, i. e. considering a logarithmic wind profile.

The profiles of the turbulent tt and wave tw momentum fluxes obtained by the WBL model and the coupled model for 
the wind speed at the WBL upper boundary equal to 10, 20, and 30 m/s and the extreme values of the inverse wave age: 
fully developed conditions (Wn = 0.855) and young waves (Wn = 10) are shown in Fig. 2. Each run was performed until 
the full momentum flux became constant over height.

As seen, the decrease in turbulent momentum flux at approaching the surface is compensated by the increase in the 
WPMF. In the case of fully developed waves, the differences of momentum fluxes values calculated with the coupled 
model and single WBL model are not observed over the entire WBL height for all U10 values. For younger sea, the dif-
ference in momentum fluxes for the two types of considered experiments is clearly manifested. Thus, for Wn = 10, the 
values of tw on the surface obtained using the coupled model are, on average, by 30 % less than the values obtained using 
the WBL model, since the parameterization of the WPMF includes the value of the wave spectrum, which, as has been 
illustrated earlier, show noticeable differences for the WBL model and the wave model. In a steady boundary layer the 
total momentum flux is constant over height; hence, the differences in the vertical WPMF profiles should be reflected in 
the vertical turbulent flux profiles. Thus, the maximum distinctions of the turbulent fluxes values are observed at the upper 
boundary of the domain in each experiment.

As shown in the Fig. 3 (a, b) for U10 = 10 m/s and Wn ≤ 4 the WPMF values near the surface can exceed the values 
of the turbulent flux by 15–20 % when using the coupled model; whereas for the WBL model the WPMF values are 
less than the turbulent flux values irrespective of the inverse wave age and wind speed.
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Fig. 2. The turbulent tt (curves on the right) and wave tw (curves on the left) momentum fluxes profiles (solid 
curves — the WBL model, dashed curves — coupled model) for extreme values of Wn = 0.855 and 10: a — U10 = 10 m/s;  

b — U10 = 20 m/s; c — U10 = 30 m/s
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Fig. 3. The turbulent tt and wave tw momentum fluxes profiles for U10 = 10 m/s (solid curves — the WBL model, 
dashed curves — coupled model): a — Wn = 2; b — Wn = 4; c — Wn = 6; d — Wn = 8
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Fig. 4. Velocity u profiles for U10 = 10 m/s (thick solid curves — the WBL model, thin solid curves — the coupled 
model, dashed curves — the coupled model without the WPMF): a — Wn = 0.855; b — Wn = 4; c — Wn = 8

The wind speed profiles for different values of the inverse wave age for three values of wind speed (10, 20, and 
30 m/s) are shown in Fig. 4 and Fig. 5 as a function of height z(m). The dotted line corresponds to the logarithmic 
wind profile, i. e. shows the wind profile in the absence of the WPMF. The results of coupled modeling for Wn = 0.855 
completely coincide with the results obtained by the WBL model. Deviations from the logarithmic profile in the lower 
part of the WBL are observed, and the magnitude of this deviation becomes larger with the increase in U10. As the 
inverse wave age increases, the wind profiles calculated by the two models show slight deviation through the entire 
WBL height (Fig. 4, b, c).

The wind velocity profiles obtained from the coupled model for U10 = 20 m/s and 30 m/s and all the values of 
Wn (Fig. 5, a, c) demonstrate smaller scatter of the wind speed values compared to the ones obtained from the WBL 
model. The deviations from the WBL model reach 2–3 m/s in the lower part of the domain for large values of the 
inverse wave age.

As seen, in the lowest part of the WBL, deviations of the wind velocity profile from the logarithmic profile reach 
several meters at U10 = 10 m/s, 5 m/s at U10 = 20 m/s, and at U10 = 30 m/s — about 10 m/s. It is also worth assuming 
that the use of the coupled model will mainly affect the results for developing and underdeveloped waves (in the pres-
ent work — for the values of Wn being in the range from 2 to 10).
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U10 = 20 m/s; c — the coupled model for U10 = 30 m/s; d — the WBL model for U10 = 30 
m/s. The dotted line refers to profile in absence of wave produced momentum flux. In each 

group, the curves are in order of growing Wn (from left to right)

6. Conclusion

The results confirm that coupled modeling of the WBL and waves dynamics does not give qualitatively new 
results for fully developed waves (Wn = 0.855 and 1). However, for underdeveloped waves (for three presented ex-
periments this refers to the cases when 2 ≤ Wn ≤ 10), the results of the coupled modeling show some peculiarities in 
comparison to the WBL model: in particular, values of the wind speed, WPMF, and turbulent fluxes obtained as a 
result of simulations with the WBL model exceed the results of coupled modeling to varying degrees.

The existing WBL models, as a rule, do not consider the division of the total momentum flux into the wave and 
turbulent components. The illustrated results demonstrate that including the WPMF in the WBL models results 
in significant deviations of the wind velocity profile from the logarithmic one, and as the wind speed at the upper 
boundary of the WBL increases, such differences become more distinct, reaching the difference of 40–50 % near the 
surface. Such deviations appear at all specified values of the inverse wave age. It can be assumed that the inclusion of 
parameterizations of the WPMF in wave forecasting models can improve the quality of wind waves forecasting. Note 
that specific feature of WBL can be reproduced at high resolution of wave spectrum and high vertical resolution.

It was shown that the distribution of surface pressure depends on the shape of so-called β-function. It was clearly 
shown in [13] that the values of β-function obtained from different approximations differ by several times. Note that 
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the existing uncertainty in β-function shape may significantly influence the results. The thorough investigation of 
β-function shape is performed in [7], however the results depend on the WBL resolution and such dependence is 
not clearly described. That means the problem is far from being solved and further investigations of β-function with 
high-resolution coupled model are highly required.
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